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PREDICTION OF THE ULTIMATE LONGITUDINAL 
COMPRESSIVE CONCRETE STRAIN AT HOOP FRACTURE 

USING ENERGY CONSIDERATIONS 

H. Tanaka1 and R. Park2 

ABSTRACT 

The fracture of transverse hoop reinforcement can lead to 
the collapse of a reinforced concrete column, as has been 
observed in concrete bridges and buildings attacked by 
severe earthquakes as well as in laboratory tests. To 
predict the longitudinal concrete strain at the stage of 
first hoop fracture a theoretical method based on 
considerations of strain energy referred to as "Energy 
Balance Theory" has been proposed by Mander et al. This 
paper reviews the "Energy Balance Theory" and then proposes 
several modifications for this theory based on a failure 
model of a reinforced concrete column subject to axial 
compression. These modifications take into account 
significant energy factors neglected in the theory by 
Mander et al and correct some unrealistic assumptions made 
in that theory. The predictions of the modified theory are 
then compared with the results obtained from concentric 
loading tests on 18 reinforced concrete columns conducted at 
the University of Canterbury and the validity of the 
modified theory is assessed. 

NOTATION 

sectional area of concrete core 
measured to centre of peripheral 
spiral or hoop 
sectional area of concrete cover 
sectional area of a longitudinal 
bar 
maximum lateraJ deflection of a 
longitudinal bar due to buckling 
diameter of a hoop bar 
core diameter of a reinforced 
concrete column 
tangent modulus of a longitudinal 
bar in the inelastic range 
compressive stress in confined 
concrete in the column core 
axial stress component in core 
concrete due to friction between 
shear sliding surfaces 
compressive stress m unconfined 
concrete in the column concrete 
cover 
compressive strength of plain 
concrete assumed to be 85% of the 
control cylinder strength 
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= tensile stress in hoop 
reinforcement 

= compressive stress in longitudinal 
reinforcement 

= ultimate tensile strength of steel 
= moment of inertia of longitudinal 

bar cross section 
= agreement index of the proposed 

theory to the experimental value 
defined by Eq.23 

= agreement index of the energy 
balance theory to the experimental 
value defined by Eq.24 

- compressive stiffness of cover 
concrete 

= compressive. stiffness of core 
concrete before complete formation 
of shear sliding surfaces 

= compressive stiffness of core 
concrete after complete formation 
of shear sliding surfaces 

= compressive stiffness of 
compression reinforcement 

= stiffness of hoop reinforcement as 
lateral confinement 

= initial length of a longitudinal 
bar before loading 

= gauge length for strain 
measurement in core concrete 

= axial load on core concrete 
- axial load on cover concrete 
- axial load on compression 

reinforcement 
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in core 
complete 
sliding 
in cover 
complete 

total axial load on column 
hoop spacing 
lateral restraining force due to 
hoop reinforcement 
coordinate of a point along a 
longitudinal bar 
lateral deflection of. a 
longitudinal bar at. point x 
strain energy stored in confined 
concrete prior to first hoop 
fracture 
energy dissipated by friction 
between shear sliding surfaces in 
concrete core prior to first hoop 
fracture 
strain energy absorbed 
concrete prior to 
formation of shear 
surfaces 
strain energy absorbed 
concrete prior to 
spalling 
external work done on an axially 
loaded column 
external work done on compression 
reinforcement 
strain energy absorbed in 
compression reinforcement by axial 
yeilding 
strain energy capacity of hoop 
reinforcement at the fracture 
strain of that steel 
strain energy stored in hoop 
reinforcement at first hoop 
fracture in case where compression 
reinforcement has not buckled or 
has buckled within one hoop 
spacing 
reduction factor for U' 
determined from 
distribution in hoops along the 
column axis 
ratio of strain energy absorbed in 
compression reinforcement by axial 
yielding to external work done on 
compression reinforcement 
constant determined by magnitude 
of friction between shear siiding 
surfaces in concrete core 
lateral deflection of a 
longitudinal bar at hoop position 
longitudinal compressive strain in 
core and cover concrete 
ultimate longitudinal compressive 
strain of confined concrete 
defined as that strain at the 
staqe of first hoop fracture 
axial strain in compression rein­
forcement at the onset of buckling 
apparent axial strain in 
compression reinforcement due to 
axial shortening caused by bar 
buckling 
tensile strain in hoop 
reinforcement 
fracture strain of hoop steel bar 
longitudinal compressive strain in 
core concrete at which shear 
sliding surfaces are assumed to be 
completely formed simultaneously 
with the completion of spa 1 lines of 
cover concrete 
longitudinal compressive strain in 
a longitudinal bar with hoop 
spacing of s when bar buckling 
commences 
strain at the ultimate tensile 
strength of steel 

area ratio of 
reinforcement to 

sh strain 

sectional 
compression 
concrete core 
volumetric ratio of hoop 
reinforcement to concrete core 
sectional area ratio of 
longitudinal reinforcement to 
gross column section 

INTRODUCTION 

When a reinforced concrete column well 
confined by hoop reinforcement is loaded to 
failure, fracture of the hoop reinforcement 
eventually occurs and results in a sudden 
drop in load carrying capacity of the 
section due to a reduction in confinment of 
the core concrete and a loss of buckling 
restraint for the longitudinal bars. This 
stage of failure signals the destruction of 
the column* Hence hoop fracture should be 
avoided within an expected range of column 
deformation under any design load condition 
especially such as the deformations imposed 
by a severe earthquake. In order to 
provide such a restriction to the column 
deformation, a method for the prediction of 
the available maximum deformation of the 
column section limited by the occurrence of 
hoop fracture is required > The available 
maximum deformation of a column section 
could be expressed in terms of an ultimate 
longitudinal compressive strain of the core 
concrete at an associated curvature. 

Mander et al [1,2,3] have proposed a theory 
for the prediction of the ultimate 
longitudinal compressive concrete strain at 
the stage of first hoop fracture referred 
to as the "Energy Balance Theory". The 
ultimate longitudinal compressive concrete 
strain at first hoop fracture predicted by 
this theory agreed well with most of the 
accompanied test rseults [1]. However, the 
theory as presented by Mander et al is 
simplified and may not always give an 
adequate estimation of the ultimte concrete 
strain at first hoop fracture for the 
following two reasons. 

Firstly, in the main energy equation used 
in the theory, the relation between the 
strain energy stored or dissipated in the 
core and cover concrete, longitudinal bars 
and hoops was simplified by neglecting 
several energy factors which might not be 
negligible. For example, the treatment of 
the strain energy absorbed in the 
longitudinal bars seems to be inadequate, 
especially when buckling of the 
longitudinal bars commences at large axial 
strain . 

Secondly, the strain energy stored in the 
hoops prior to first hoop fracture could be 
overestimated by about 2 0 to 4 0% or more if 
the value proposed, based on tensile tests 
on steel bars, was used. The value 
proposed for the strain energy stored in 
the hoops prior to first hoop fracture was 
determined by assuming that all regions of 
the hoop (that is, the whole length of 
hoop) reached the fracture strain at the 
same time. It is more reasonable to 
consider that at first hoop fracture the 
strains in the all parts of the hoop bar 
except the small length which necks and 
fractures will be same or less than the 
strain at ultimate strength of the hoop bar 



292 

which is usually 20 to 40% less than the 
fracture strain of the hoop bar. 

This probable overestimation of the strain 
energy stored in the hoops prior to first 
hoop fracture appears to have compensated 
for the omission of the absorbed energy in 
the longitudinal bars when the theory was 
applied by Mander et al to test results. 
However, a significant error in the 
estimation of the ultimate longitudinal 
compressive concrete strain at first hoop 
fracture can possibly be made in the case 
of a column with a combination of a large 
amount of longitudinal bars and a small 
amount of hoop reinforcement or in case of 
a column which has a large strain gradient 
in the section caused by bending. 

In this paper, after discussing in more 
detail the problems in the energy balance 
theory proposed by Mander et al, a modified 
theory for the prediction of the ultimate 
longitudinal compressive, concrete strain at 
which first hoop fracture occurs is 
proposed using a simple failure model of a 
reinforced concrete column under axial 
compression load. 

example, the use of Eq.1 can result in a 
large error in case of a column which has a 
large amount of longitudinal reinforcement 
compared with the amount of transverse 
confining reinforcement, as can be 
demonstrated by the following check. If 
transverse confining reinforcement is not 
provided, then 
means that 

U sh which from Eq.l 

U = U - U 
SC CO cc 

(2) 

But for this case U - U is equal to CO cc zero if there is no confinement, or 
is less than zero if some U - U CO cc confining effect by the longitudinal 

reinforcement can be expected, and hence 
U < 0. However, U can be neither zero sc ~ sc nor negative since the longitudinal 
reinforcement is acting as compression 
reinforcement. Hence, Eq.1 yields a 
contradiction in this case. 

A further check for Eq.1 can be conducted 
as follows. The theory indicates that Eq.1 
can be rewritten for per unit volume of 
concrete core in terms of strains and 
stresses as 

THE ENERGY BALANCE THEORY PROPOSED BY 
MANDER ET AL 

The Basis of the Theory by Mander et al 

Many experimental studies have, demonstrated 
that the compressive strength and ductility 
of the core concrete in a reinforced 
concrete member can be enhanced using 
closely spaced •transverse confining 
reinforcement in the form of spirals or 
hoops with or without cross ties. . As an 
example, stress-strain relations obtained 
from compression tests on three sets of 
circular columns with spirals tested by 
Iyenger et al [4] are shown in Fig.1. 
Schematic stress-strain curves of confined 
and unconfined concrete can be represented 
by Fig.2 [1,2,3]. The area under each 
curve represents the total strain energy 
per unit volume required to 'fail 1 the 
concrete and the shaded area indicates the 
increase in strain energy to failure 
resulting from confinement. Here the 
failure of the confined concrete is defined 
as the stage of first hoop fracture. 

In the energy balance theory proposed by 
Mander et al [1,2,3], it was assumed that 
the ultimate strain energy capacity of the 
transverse confining reinforcement per unit 
volume of concrete core (U , ) could be 
equated to the difference in sarea between 
the confined (U ) and unconfined (U ) 

CC CO 
stress-strain curves (that is, the shaded 
area in Fig.2) plus the stored strain 
energy in the compressed longitudinal 
reinforcement per unit volume of concrete 
core (U ) 

This was expressed in the form 

U , = (U - U ) sh v cc co (1) 

The Strain Energy Absorbed by the 
Longitudinal Reinforcement 

It is evident that the assumption of the 
energy balance theory expressed in the form 
of Eq.1 is not always adequate. For 

0 

sp 

f , de . sh sh 

f ck CO c 

f de. cc c 

f .dt si c (3) 

or for per unit length of the column as 

A p cc s 
sf 

sh sh 

sp 
f de CO c A p cc cc 

f dt cc c 

f .dt 
si c 

(M 

where A 

sh 

si 

"sh 

sf 

sp 

sectional area of concrete core 
measured to centre of 
peripheral spiral or hoop 
compressive stress in confined 
concrete 
compressive stress in 
unconfined concrete 
tensile stress in hoop 
reinforcement 
compressive stress in 
longitudinal reinforcement 
compressive strain in confined 
and unconfined concrete 
longitudinal compressive strain 
in core concrete at first hoop 
fracture 
tensile strain in hoop 
reinforcement 
tensile fracture strain of hoop 
steel 
compressive strain at which 
unconfined concrete is assumed 
to have completely spalled 
sectional area ratio of 
compression reinforcement to 
concrete core 
volumetric ratio of hoop 
reinforcement to concrete core. 
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Average Strain over a 200mm (7.9in) Gauge Length 

. 1 Stress-Strain Curves for Concrete Cylinders 150 mm 
(5.9 in) Diameter by 300 mm (11.6 in) High, Confined 
by Circular Spirals from 6.5 mm (0.26 in) Diameter 
Mild Steel Bar [4] 

Compressive Strain, e c 

2 Stress-Strain Model for Confined and Unconfined 
Concrete [1,2,3] 

Axial Shortening Axial Shortening 
due to due to 

Compression Buckling 

Fig. 3 Buckling Model for a Longitudinal Bar 


