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ELASTIC

SOIL -

STRUCTURE

INTERACTION

• A. J . Carr* and P. J . Moss**

Synopsis
This paper presents a ref ined finite element
analysis for the analy s i s of two-dimensional
piane stre ss and plane strain structures with
part icular emphasi s being placed on the abi1i t y
to solve probiems of soil-structure interaction
under earthquake loadings
The structure and
the soil are idealized as an assemblage of
quadrilateral plane stress and plane strain
elements having a cubic variation in displacement
enabling a more accurate representation of the
stiffness properties of the system than that
previously available*
The response of the
system to the earthquake acceleration history
is achieved by a superposition of normal mode
responses and the methods of obtaining the mode
shapes and frequencies are outlined.
Examples
are presented to illustrate the capability of
this approacho
0

Introduction
The most common method for obtaining the
earthquake response of a structure to an earthquake accelerogram is to assume that the soil
under the structure is rigid relative to the
structure and therefore apply the accelerogram
as input to the base of the structure.
For
many structures, particularly those founded on
hard foundations, or where little interaction
between the ground and the structure is expected,
thi s method will be quite sat i sfac tory in
giving accurate indications of the def1ections
of the structure and the forces in its members.

fictitious rotational and translational springs
a t the base of the s t rue Lure.
However to
account for the flexibility in this way requires
a reasonable amount of experience in allocating
t he spri ng constants to these artificial
springs.
The eff ect of the soil 1ayers on the
a c c e 1 e r o gr am has also received a con side rable
amount of investigation' ^ > ^ j 5 ) by use of the
she ar beam or shear bui1ding analogy„
In this
approach the layers and sub-layers are a s sumed
to deform in shear on1y and to be horizontal,
uni f ormly thick and inf ini te in extent in the
hori zontal direction
By thi s me thod of analysis, whi ch is ident i cal to that of a shear
building, it is possible to derive, from the
accelerogram at bedrock, a record at the ground
surface whi ch can the n be used to analyse the
s t rue ture using thi s derived record as the ba se
input to the s true ture
0

0

Such approaches are only of any real value
if the extent of the soil layers are such that
the structure wil1 have a negligible effect on
the behaviour of the soil and if the width of
the soil sy st em is such that it is large in
horizontal extent compared with its depth and
that the structure is located away from the
edge s of this soil sy stem
If thi s cannot be
realised then the only way to analyse the
structure and achieve an accurate solution is
to use a form of analy si s where the soil and
the structure can be analysed as a combined
system.
c

However, there are many instance s where
the effect of the ground flexibility will have
a marked effect on the behaviour of the structure
under free vibration, i•e o the natural period s
and mode shape s are altered by the ground
motion
Also the layers of relatively soft
soil overlying the relatively rigid bedrock will
have its own dynamic characteri st i cs and hence
will modify the input accelerations arriving at
the bedrock and may amplify or dimini sh the
amplitude at the ground surface and w i 1 1 also
vary the frequency content of the surf ace
accelerogram,,

As the soil syst em is a cont inuous body
the equation relati ng forces and di splacement
is a partial differential equation in x and y
(the two plane co-ordinates of the vertical
plane considered in the two dimensional analysis) and its formulat ion may be very d i f f i c u l t
if not almost impossible, if the elastic proper tie s of the soil vary with position and the
bou ndari e s of the so i1 layers are not regular.
To over come the se difficulties a numeri cal
me thod is to be pref erred, and though not leading to a closed form solution and having to be
solved for each particular structure and sitej
this is of little consequence today wi th the
wide spread avai labi 1 i ty of the digital computer,,

If the soil layers are of large extent and
depth relative to the structure then it could
be possible? with little error, to account for
the se effects separately.
Thi s ha s been
attempted by Shepherd and Donald^
and Palmer
(2) who account ed for the flexibility of the
ground and its effects on the natural modal
characteristics of the structure by introducing

The mo st sui table me thod for the analysi s
of such system is the recently deve1oped finite
element method which has considerable success
in the static and dynami c analyse s of continuous stuctures ( J ?> ) . It has also received
some attention in soil-structure interaction
(9s 10)
n
as in the analy si s of ear thdams
and the effec t on earth embankmen t s.

*

The Finite Element
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Method

In the fi nit e element method the con t i nuum
is replaced by an assemblage of regions or

elements connected together at a finite number
of points or nodal points^ The shapes of the
elements are usually triangular, rectangular or
quadrilateral in the analysis of two dimensional
systems and they may have nodal points along
the edges of the elements as well as at the
corners of the elements*
The advantage of the
triangle and the quadrilateral with respect to
the rectangle is that irregular boundaries can
be readily accommodated in a much more accurate
manner than that possible with the rectangular
element s
0

Every finite element has a displacement
field which is constrained to belong to a finite
class of functionSj each of which is continuous
within the region of the element and which
satisfies continuity of deformations across the
interfaces between adjoining elements.
The
co-ordinate functions are known as the displacement shapes and they are uniquely defined by
the deformation of the nodal points on the element which can be regarded as kinematic degrees
of freedom.
This provides a displacement field,
for the connected, discretized continuum, that
is continuous, piece-wise differentiabie and
can be made to satisfy any kinematic boundary
conditions.
The result is that the equations of equilibrium of each of the nodal points which can be
derived using strain energy or virtual work
approaches, represent a lumped parameter representation of the stiffness properties of the
continuum.
As there are a finite number of
nodal points and a finite number of equations
of equilibrium for each nodal point there are
now a finite number of kinematic degrees of
freedom for this discretized continuum compared
with the infinite number of the real continuum.
The finite element has been shown, mathematically,
to converge to the true solution as the number
of elements is increased and therefore any
desired accuracy, within the limits of the
available computer storage limits and word
lengths can be achieved*
However, it is almost
impossible to state a priori" how accurate a
given analysis i s , and so it is quite common to
repeat the analysis, increasing or decreasing
the number of elements and comparing the two
solutions,
H

The advantages of the method are that the
lumped parameter formulation permits the
partial differential equation in x, y and time
t to be replaced by a series of simultaneous
ordinary differential equations varying in
time only.
A l s o , the discrete formulation of
each finite element permits a great complexity
of material properties to be permitted and thus
the soil layers need not be infinite in extent
or have horizontal interfaces and as well the
geometry of the bedrock-soil boundary may be
irregular as may the soil surface profile,
Furthermore various types of finite elements may be combined within a single structures
so that it is possible to include plane stress
and plane strain elements together, to idealize
the structure and the soil and provided care in
the programming of the different type s of
degrees of freedom is observed beam m e m b e r s c a n
also be incorporated within the analysis' ^ ) ,
s

The finite element analyses of soilstructure problems to date have used relatively
simple finite elements in that the displacement
fields permitted within each element are simple
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polynomial expressions such as linear or quadratic polynomials in x and y.
Such elements are
the •constant strain triangle the 'linear
strain triangle and the 'linear strain rectangle * . All these elements have only the x and
y displacement at each nodal point and the
total number of kinematic degrees of freedom is
two times the number of nodal points.
1

1

These simple elements have the disadvantage
that in order to accommodate the high strain
gradients that may occur in some regions of the
structure a very fine mesh element idealization
may be required.
This may then be achieved in
one of two way s „ Either a fine mesh is drawn
up as the original data, this increases the
work required in preparing the data and increases
the chance of data errors.
Furthermore, as the
number of nodes increases the number of masses
will increase and hence the number of dynamic
degrees of freedom will increase and hence the
size of the eigenvalue problem to be solved
for the mode shapes and frequencies will
increase.
The available computer will undoubtably limit the size of the mesh permitted and
hence the mesh refinement with the result that
the stiffness properties of the continuum are
poorly represented,
As the mass dis t ribu ti on wi thin the continuum, however, does not require such a fine
nodal point distribution, a second alternative
is to subdivide each finite element into
smaller finite elements.
This can be done
in ternally wi thin the computer program and
hence will require no extra data preparation*
The actual continuum then be come s an assemblage
of "super-elements" each one of which is a
finite element structure of its own.
If the
internal nodes of this element do not have
ma s se s as sociated with them, i e. al1 the mass
of the super-element is associated with the
boundary node s of the e1emen t then the internal
kinematic degree s of fre edom may be eliminated
by an inverse Gauss e1iminat ion me thod.
0

However, the nodes along the sides of the
element are a nuisance in the direct stiffness
formulation of the total stiffness matrix of
the structures lead to inefficiency in the
total formulation and increase the chance of
data errors*
As only corner nodes are preferred
on the finite elements the nodes along the sides
can be constrained to have a linear displacement
variation with respect to the corner nodes.
The nett result is an element with much greater
internal flexibility though still with the disadvantage of a constrained strain field along
the element edges,
A similar effect is noted with the finite
elements used by Wilson
(9)
Khanna*.
In
the element used by Wilson the element interior
has a quadratic variation of displacement but
as the mid-side nodes have been constrained to
be related to the corner nodes the element
edges have a linear variation of displacement,
Thus, in fact Wilson utilized a constrained
linear strain quadrilateral,
Similarly the
rectangular element used by Khanna has a quadratic variation of displacement within the
element but a linear variation along the edges.
This element also has the disadvantage that it
is awkward to use in systems with irregular
boundaries and gradation of mesh within the
structure is very difficult to achieve.
There is also a disadvantage in the use of
a
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finite elements with only di splacemen t degrees
of freedom at the nodes if it is desired to
incorporate flexural beam members within the
structure and with soil-structure programs this
is a v e r y de s i rable feature. The frame s trueture
has naturally tnree degrees of freedom at each
joint
or node, two displacements and a joint
rotation. Th i s would mean that some node s in
the combined structure would require extra
degrees of freedom and this would tend to lead
to complexities in the direct stiffness
assemblage of t he total stiffness matrix of the
system,, Provided only a small number of nodes
are affected it is easier to accommodate
different element types if they only utilize
some of the degrees of freedom as the remaining
degrees of freedom with no stiffness contributions can be easily constrained to be zero,
Th i s wo u 1 d be the case in soil-structure analyses as the frame would be a small part of tlie
total system.
The Quadratic Strain

where the subscripts 1 , 2 , 3 and c refer to the
corner nodes 1 , 2 and 3 and c is the centroidal
node of the element.

etc .
The displacements at any point within the triangular element are expressed as
1 '

2

>O
t

where &> is an interpolation vector in
"natural" or "triangular" co-ordinates , ,
and t)^ as shown in Fig 2 ( 6; is given in
Appendi x I) .
K

1

{

The linearized
equations are then

Quadrilateral

strain-displacement

The authors decided to utilize a refined
plane-strain, plane-stress finite element which
has six degrees of freedom at each of the nodal
points, they are the two displacements in the
x and y directions, u and v respectively, and
the derivatives of u and v with respect to both
x and y. As a lumped mass formulation was to
be used masses would only be associated with
the displacements u and v and therefore though
each node would have six degrees of freedom for
the stiffness formulation it would have only
two dynamic degrees of freedom which would have
to be accommodated in the eigenvalue problem
for the natural modes and frequencies.
In order to take the most advantage of
element subdivision the quadrilateral element,
see Fig. 1 , is formed by the direct stiffness
combination of four quadratic strain triangles
with the internal node located at the centroid
of the quadrilateral.
These triangular el emends^originally
12T are noted
developed for shell anaylsis
for thei r a b i 1 i ty to accommodate e xtremely high
strain gradients and as they have no mid-side
nodes to be constrained they permit each element
throughou t the di sere t i zed soil s tructure
system to have a cubic variation of di splacementc
Further, this di spla cemen t field is
compatable with the flexural deformation of beam
members
This permits a ready combination of
these quadrilateral elements with beam elements
in the analysi s.
c

—

Within each triangular element the di splaceme nt s are expressed as a function of the
values of the di splacement s and their derivatives at each of the three node s as we 1 1 as the
two displacements of a node 1ocated at the
centroid of each triangular element. Thus each
element has twenty kinematic degrees of freedom.
The nodal di splacement vector {r} is then
arranged as f o 1 l o w s .
<u v >

Y

[B]ir}

L' y
where the vectors
0 } and {0 } are the derivatives of 10}with respect to x a n d y respectively with
l
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Assuming a linear elastic material the
stresses are related to the strains by the
constitutive law
{cr(T)

,r) , n

n

2

)}

=

[C]iE(r) ,T) iTi )}
1

2

5

where [C j i s a 3 x 3 matrix and is a function
of the elastic constants of the material, (see
Appendix I I ) . The matrix [ c ] may also be a
function of t) ^ , r\ ^ d t) ^.
The internal strain energy U of the
element can now be expressed as
u - i\

J vol

{e} {cj}d(vol)

[B ][c][B]d(vol)]{7}

=i(r} [j

T

T

vol
The_external work V done by the nodal
forces
T

u

00.

2A

{7} lP}
u

>
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a n

Quadratic Strain Triangle (QST)

T

-

From the principle of minimum
energy
b(U
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-
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=
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The structure of the nodal displacement
vector is now rearranged so that
r ,T
{rj =

T T T T
<r ,r ,r ,r >
1

2

c

.>
<u. ,v. ,u . ,v .i-.,v
,
i ' i xi yi yi' xi

r

and

i = 1,2,3

<u v >
c c

The stiffness matrix is rearranged to
correspond to {r} by a simple permutation of
rows and columns and as there is no mass associated with the centroidal node the degrees of
freedom u and v are removed by a process of
static condensation to give the 18 x 3.8 stiffness matrix [k 1 associated with the displacement vector {rj where
{

r

}

T

=

<r*,r*,r*>

The four QST finite elements are now combined using the direct stiffness me t h o d ( ! 3 ) wi th
the centroidal degrees of freedom of the quadrilateral element arranged at the bottom of the
displacement vector and as there will be no
mass associated with the centroidal node of the
quadrilateral the centroidal degrees of freedom
are eliminated by the same static condensation
process that was used for the QST. This then
results in the 2k x 2k stiffness matrix of the
quadrilateral element.
To maintain uniformity of element size
regions in the input finite element
mesh are also subdivided into three QST elements
with the internal node at the centroid.
The mass of each triangular sub-element is
assumed to be distributed so that half of the
element mass is distributed to each of the
external nodes of the quadrilateral associated
with each QST element. This, the authors felt,
is a better distribution than allocating a
quarter of the quadrilateral mass to each
external node.
If a consistent mass matrixi ^ )
was to be used, the condensation process of the
centroidal nodes of both the QST and the quadrilateral elements could not be achieved as
all degrees of freedom would have associated
masses and as the inertia forces are not known
'a p r i o r i the internal degrees of freedom
cannot be eliminated.
This would defeat one of
the objectives of using this element.
1

The total stiffness matrix [K] of the
system is assembled from the element stiffness
by the direct stiffness methods
Any load
vectors {p} are then able to be solved for the
nodal displacements {R} using the L D U theorem
i.e.
[K]{H} = {P}
let

[ ]
K

= [L][D][L

]

which are both simple substitution

operations.

Once the nodal displacements are found the
element strains and stresses are easily obtained.

= [['
[B ][c][B]d(voD]
vol
J

|

[ L ] [ D J } = |P}

T

Therefore, by definition, the stiffness matrix
of the element is

where
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where [LJ is lower triangular and [Dj is
diagonal

[B ][c][B]d(vol)]{7} - (?)

[j
J

potential

It is the reduct i on of the stiff ness mat ri x
that is the most demanding of computer time and
precision. The demands on time are even more
acute if the matrix is sufficiently large that
after making the utmost benefit of the matrices
symmetry and bandedness it cannot be completely
stored in the core memory and use has to be made
of back-up storage such as magnetic disc or
tape.
It is for this reason that only elastic
analyses are contemplated for dynamic studies
using the finite element method as every time
the material properties of an element change
then the total stiffness would have to be reformed and reduced and the computer time for
such an earthquake analysis could run to hours
or days on anything but the largest and fastest
of computers. The next best approach is that
of Seed and Idriss ( 5 ) who take the initial
elastic solution; find the maximum stresses,
take a fraction of these, (J or f etc.) adjust
the material constants to these stress levels
and repeat the analysis. This process is
repeated two or three times and appears to
give good results.
Dynamic Analy si s
The equations of motion for the discretized
system can be written as
[M]{x}

+

[c](x}

+

[K]{x} = -[M]{a}u (t)
g

where [M j ,
[ c ] and [k] are the mass, damping
and stiffness matrices respectively, {x},
{x }
and {x} are the accelerations, velocities and
displacements relative to the bedrock, {a} is
vector of unit value s and
(t) is the input
acceleration of the bedrock.
For an elastic system, there are two
alternative ways of obtaining the response to
the accelerogram u ^ ( t ) .
The first approach is
to use the linear
acceleration method of
Newtnarkf
^ ) where an effective stiffness
matrix is formed and a load vector is solved,
at every time step, for the instantaneous
accelerations, velocities and displacements.
Though this approach requires the formulation
of only one matrix and its subsequent reduction
by the L D U theorem there are a large number of
solutions to be obtained for all the time steps
in the integration.
Newmark showed that the
largest time step for the linear acceleration
method could be J of the shortest period of
free vibration wi thin the s tructure and for a
finite element idealization some of the higher
mode s may have very short periods.
Even u sing
the modified 1inear acceleration me thod of
W i 1 son ( 9 ) the shorte s t time step that would
accurately represent the accelerogram would be
of the order of l / 8 0 second and hence for ten
seconds of the input record approximately 8 0 0
load vectors would have to be formed and
solved.
Experience has shown that other integration methods such as N o r d s i e c k ' ' ' are too
1
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slow to bo of any practical use in these
analy se s.

The alternative to the direct integration
approach is the superposition of the modal
responses,
In this method the first step is to
obtain the natural frequencies and mode shapes
of the structure,
T h o equali on of motion of
undamped, free vibration (simple harmonic
motion) loads t o t h e eigenvalue problem.
K

-

2

K.ij.

=

, 0:

Tho eigenvalue problem is solved for tho
natural frequencies and the mode shapes \\'< If the mode shapes arc normalized so that
4

= iv

v ';^:, v
1

N

where I i-.j is the identity matrix and the damping matrix is assumed to be of the form where
s

v ,[c.,v,
T

=

^-J

which also satisfies the usual assumption of
methods using direct i n1ogra t i o n ( 9 ) .
The
equation of motion now becomes

problem,
There are two approaches to tho solution
for the natural frequencies and mode shapcs„
The first is a direct method and does not
require any knowledge of tho appro x}mat o form
of the mode shapes but does impose a fairly
severe restriction on the number of nodal points
within the system being analysed.
As a lumped mass idealization is be i
used, inertia forces are only associated with
the displacement degrees of freedom and the
derivative degrees of freedom can bo col iminalod
from the system of equations by a static condensation.
However, though this approach is
efficient at the element l e v e l , it is not a
practical approach when dealing with the total
stiffness matrix of t h e structure as it would
involve large matrix inversions and the destruction of the banded nature of t h e stiffness
matrix.
The condensation can most efficiently
be achieved by forming a condensed flexibility
matrix by solving a static analysis f o r a unit
load on each displacement degree of freedom in
the structure and selecting from tho flexibility
vector only those degrees of freedom associated
with tne displacements
This flexibility ma t r i x
is of the order 2N where N is the number of
unrestrained nodal points in the system, whereas
the order of the original stiffness is 6N
where N is the total number of nodal points in
the system.
In terms of this condensed flexibility matrix the equation of motion of free
vibration becomes
D

flg;b/ + f ^ U ^ b

where

x

=

+ \ , b
2

l

= - : V ^[MJ a;u (t)
T

;

;

{Vj-b;

Thi s is a set of uncoupled equations of
motion for each mode, They can be integrated
by any of the methods of numerical integration
but the most common method is that of the Linear
Accelerat ion Me thod of Newmar 1<( 5 ) which is
simple a n d a s o n1y the first few mode s, up to
say the first twenty, are used the period of
the highe s t mode is still fairly 1arge and
reasonable time steps may be utilized.
Also
Newmark•s method of integration has the
advantage tha t the re sult s are very stable
unti1 the time step is increased beyond the
allowable limit and then catastrophic divergence
is observed, whereas W i l s o n s me thod, whi ch is
very s table, slowly diverge s from the real
solution as the time step increases wi th no
indication of divergence and thus the user may
be unaware that the time step being used is too
great for accuracy.

[Fj L Mj ,

x}

-

4-x, =

t

0;

1

Let

\y) = ^MJ ,x|
2

and multiply by [ M j
2

leads to

CO

where

[F* j

is symme trie.

1

Other advantages of th i s me thod are :(1)
The natural periods of the structure are
obtained and these can be used for checking
against response spectra.

After solving for to and
j yj
shapes
{x} can be obtained from

the mode

Wi th a digital computer core memory of 3 2 k
words the maximum size of [F*J that can be
accommodated is approximately of order 1 6 0 to
1 ? 0 which means 8 0 to 8 5 unconstrained nodal
points and probably a total number of nodal
points (including those on the boundary) being
approximately 1 0 0
e

(2)
Once the modal prope rt ie s have been obtained, the re spon se to any numbe r of different
earthquake accelerograms can be obtained with
the minimum amount of effort.
(3)
More is usually known about modal damping
than about the actual damping coeffi cient s in
the damping matrix, in thi s me thod only the
damping rat i o for each mode need be provided.
(k)
Only tho se mode s tha t are considered significant need be used to obtain the response to
the earthquake and hence the computational
effort can be considerably reduced.
The major difficulty, however, with this
method of analysis is the necessity of finding
the mode shapes and frequencies as this involves
the solution of a relatively large eigenvalue

For systems requiring more nodal points
than this for an adequate idealization or for
a more refined me sh for accuracy sensitivity
analysis the Modified RayIeigh-Ritz method is
used.
In this approach a set of approximate
mode shapes [gJ is selected.
These may be
arrived a t by experience, from previous analyse s,
or by use of the direct method of finding mode
shapes on a coarse mesh finite element ideali zat i on o As the Modified Rayle igh-Ri t z me thod
improves this set of trial modes prior to using
the Ray1eigh-Ritz method the choice of the
trial shapes is not as critical as with the
Ray1eigh-Ritz approach^
The deflection is
assumed as

then the inertia forces in free vibration are
I Pi

and the resulting displacements or improved
trial mode shapes jxj are found from a static
analysis
f K ] x) = -u3 j*Mj[ G]\aj
2

v

txj = -u) [K" ][MJ!Gjla)" = -t,;[ B j • x ;•

i.e.

2

1

2

The equations of motion of free
are now rewritten as

[K**Jtoc}
where
and

vibration

- u) [M* * I ^ } = { 0 }
2

[K**] = [B J[KJ[B] = [B ][M.][Gj
T

T

It will be noticed that
K** J does not
Kj as thi s was
require the stiffness matrix
destroyed during the LDU reduction required to
obtain the improved mode shape s.
If |_H J is the normal ized mode matrix of
[M**j then
[M*-J given by
= [H ][M**][H]

CM*j

T

is a diagonal matrix with the eigenvalue s of
arranged down the diagonal.
From thi s
CM^^ [H ][M-][H][M^^
T

and

T

= fl]

fM*"^ [H ][K**]rH][M*"^ = [K*]
T

T

where [ij is the ident ity matrix and [ K*] is
symmetric
with

{}
a

=

[ ][M*'^{f}
H

The equation of motion now be come s
[ [ K* ] - " M - ] { f } = { 0 }
2

and can be solved by any of the standard eigenvalue routines for symmetric real matrices. If
[ F ] is the normal ized mode matrix of [K*] then
[A]

= [H][M'-^[F]

The

The program developed for the soiJ structure
analyses is designed to be able to use either
me thod of solving the eigenvalue problem and
then to obtain the re sponse of the system to
the input accelerograms.
At present the maximum
number of nodal points (with a digital computer
having a 3 2 k core memory) is 2 0 0 though in the
use of the direct eigenvalue method of limit
of 6 0 uncon strained nodal points is enforced.
However, f uture developme nt w i 1 1 increase the
number of nodal points to approximate]y 3 0 0 and
the number of degre e s of freedom for the direct
e igenvalue approach to approx imat e1y 1 7 0 . Up
to 2 0 mode shapes can be used in the analysis
and the re spon se to two components, horizontal
and vertical, of the earthquake re cord can be
computed, and then combined to obtain the complete re sponse.
The input data is s implified as much a s
possible using data interpolation and generation
routines and a l 1 input is in 'free-format on
punched cards. Output includes contour diagrams
of di splacement s and stre s se s of the mode shape s
and the re sponse as well a s the usual tabu1 a te d
numer ical data. The response par t of the program can output the to tal acceleration on the
relative accelerations, the relative displacement and the s tre s se s in the system,. The program can also execute a static load analysis.
1

Taramakau River Bridge Site
The si te is of a 1 , 0 0 0 foot bridge 1ocated
approximately in the centre of the 6 , 0 0 0 wide
valley floor. Preliminary geophy si cal survey s
indicated a minimum thi ckne s s of grave 1 of
approximately 5 2 0 feet. Two simplif ied e x t reme
est imate s of the valley cross-section are
shown in Figure 3 together with the elastic
propert ie s of the grave1. As the section is
symmetrical and the 1 o ad i n g from the hori zontal
component of the earthquake is antisymmetric
there is no differential horizontal displacement between the ends of the bridge, but there
is a dif ferent ial di splacement between the
centre and the ends of the bridge of approximately 0 . 5 inche s. The fundamental frequencie s
of the 5 2 0 and 1 , 0 0 0 foot thicknesses are
0 . 3 1 3 and 0 . 2 0 6 cycle s/second respectively o
From the simple theory for a single shear
layer of thickness t, shear modulus G and
density pin free vibrat ion, the frequency is
given by
f = 1/(*M;).V(G/p)

is the matrix of normal mode s since
[ A

and

] [M* *] [ A]

[A ][K-][A]
T

=

=

[li
r- j
2

and the mode shape s in the original x,y co-ordinate s f o l 1 o w as
[v]

= [B][A]

Though this method required two eigenvalue solutions, the number of trial modes is
usually quite s m a l 1 and hence the eigenvalue
problems are of small order and require little
computational effort •
Once the mode shape s have been obtained
then the stres s patterns associated with the
displacement shape s are also readily computed.
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and is 0 . 3 1 2 5 and 0 , 1 6 5 cycles/second respectively • The first section is wide relative to
its depth and the shear beam analogy is fairly
realistic but in the second sect i on the greater
depth of the valley has a more marked effeet on
the frequency
Analyses whi ch are to include
the bridge itself are to be carried out in the.
near future.
0

Table A shows a compari son of the natural
frequencies of the first three ant i-symme trie
modes and also the deflections resulting from
10 seconds of the accelerogram of the NorthSouth component of El - Cent ro, May 19^-0 earthquake o
Frame on a Shallow Foundation
The frame shown in Figure k is that
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analysod by K ha 11 n a ^ ^ .
However? as beam members
have not beon incorporated in the program as
yet
the frame has been idealized as an assemblage of finite elements the thicknesses and
depths being adjusted to give the correct sectional properties.
The first two mode shapes
arc- shown in Figure 5 and the natural frequencies
are compared with those obtained fur a rigid
foundation,
Klianna, who had pinned supports for
the frame at ground level, a con scquo nee of the
simple elements used, found the first two
natural frequencies to bo 1,22 and k. 1? c p s
respectively for the frame on the soil layer
and 1 . 2 '4 and i,2 ) respect 1. vol y for the rigid
f ounda tion,

ing, Santiago, Chiie Jan, 1 9 6 9 .
Turner, M. J., "The Direct Stiffness
Method of Structural Analysis".
AGARD
Meeting, Aachen, Germany 19 59•
Archer, J. S. , "Consistent Mass Matrix for
Distributed Mass Systems". J. Structural
Div. ASCE, Vol. 8 9 No. ST^, August 19 6 3 .
Newmark, N. M. "A Method of Computation for
Structural Dynamics". J. Engineering
Mechanics Div. ASCE, Vol. 8 5 , No. KM3,
July 19 5 9 .
Wilson, E. L . , Clough, R. W., "Dynamic
Response by Step by Step Matrix Analysis",
Symposium on tho Use of Computers in Civil
Engineering, Lisbon, 1 9 6 2 .
Nordsieck, A., "On Numerical f.nlegrat i on
of Ordinary Differential Equations".
Maths
Comput. 1 6 , pp 2 2 - ^ 9 , 1 9 6 2 .

1

5

(13)

5

s

(1*0

3

(15)

(16)

1

;

Tho authors used a built-in support at
ground level and hence the natural frequencies
found by K hauna, for the rigid soil case, are,
as expect ed, a little lower.
Also, as the
finite elements used in the analysis are much
more flexible than tho so used by Khanna,
together with a more refined mesh, the soil has
a slightly more pronounced effect on the frequeue i e s than that found in the earlier analyses.

(17)

Appendix 1
The displacement interpolation vector
0j
for the Quadratic Strain Triangle finite element
(QST).
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Appendix ii
Constitutive matrix [ c j where E = Young's
Modulus and v = Poission's Ratio.
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List

of Symbols

L J
r-

L J

i

Matrix (Superscript T denotes transpose of
matrix)
Diagonal matrix
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Column vector

Time variable, thickness of

< >

Row vector

Di splacement

in x direction

A

Element area, normal mode matrix

Di splacement

in y directi on

Strain-Displacement matrix for finite

Cartesian co-ordinate, displacement
vector

^ '

B

eleme nt s
C

Stress-Strain

Cartesian co-ordinate, dummy vector,
e igenvector

matrix

D

Diagonal

F

Condensed flexibility

G
H

Matrix of trial mode shapes
Eigenvector matrix of generalised mass
matrix

I

Ident i ty matrix

matrix

Acceleration of ground or bed-rock

matrix

K

St iffne s s matrix f or structure

L

Lower triangular matrix

M

Mass matrix

P

Nodal point forces for

structure

R

Nodal point di splacement s for

U

Internal

V

External work done, matrix of

structure

strain energy
eigenvectors

a

x dimension of element, unit

b

y dimension of element, generalized di splacemen t vector

c

Subscript
element

f

soil layer

vol
a

Volume of finite element
Generalized co-ordinat e, participation of
each trial mode in total displacement

E

Strain, normal

Y

Shear

T)

Triangular co-ordinate for finite

strains

strain

X

Critical damping

9

Density of Soil
Interpolation function,
vector

interpolation

Natural frequency of vibration

vector

for centroidal node of finite

Ox
at

Eigenvector, frequency of vibration

i

Subscript, corner node s of finite

k

Finite element

p

Nodal point f orce s on finite

r

Nodal point di splacement s in finite

stiffness matrix,

cps

elements
subscript

element
element

Result of Analysis
Natural Frequencies cps. 1 s t mode
(Lateral modes only)
3 r d mode
5 t h mode
Max.Horizontal Displ. at A (ft.)
Max.Vertical Displ. at B
(ft.)
Max. Differential Displ. A-B (ins.)

Section I

Section II

0.3127

0.206*+
0.33^5
0.3906
0.2^5
0.077
0.5^0

0.42^3
0.5187
0.295
0.032
0.396

Results from 1 0 seconds of El-Centro May 19*f0 North-South.
TABLE A

element

ratio

62
a

t

2

(radians/
sec )
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