
108 

INELASTIC BEHAVIOUR OF REINFORCED 

CONCRETE MEMBERS WITH CYCLIC LOADING 

D. C. Kent* and R. P a r k * * 

Summary 

The results of an investigation into the 
behaviour of reinforced concrete members sub­
jected to cyclic loading in the inelastic 
range are summarizedo The investigation comm­
ences with studies of the Bauschinger effect 
for cyclically stre ssed mild steel reinforce­
ment and the influence of rectangular steel 
hooping on the stress-strain behaviour of 
concre te o Using the se derived stress-strain 
curves the moment-curvature relation ships for 
reinforced concrete members under cyclic load-
i ng are studied theoretically and compared with 
the re suit s of a series of tests on reinforced 
concrete beams under cyclic loadingo 

1. Introduction 

The growing use of digital computers as a 
design tool has resulted in very rapid advances 
in the dynamic analyse s of structure s• However, 
the study of the factors on which such analyses 
are based, namely the behaviour of structural 
component s, has fall en behind, Thi s is well 
illustrated by the inaccurate elasto-plastic 
idealization for moment-rotation behaviour under 
cyclic loading which is generally used to pre­
dict the inelastic response of reinforced 
concrete structures subjected to seismic ground 
motions 0 

Most of the existing evidence concerning 
the post-elastic behaviour of reinforced con­
crete members has been obtained from theoretica1 
work or tests in which the loads have been 
applied monotonically until failure• Few 
investigations have been conducted to determine 
the behaviour of re inf orced concrete members 
under high intensity cyclic loading typical 
of seismic motions. Examples of investigations 
into the behaviour of reinforced concrete 
members under cyclic loading are those of 
Aoyama 1, Agrawal, Tulin and Gerstle 2, Burns and 
Se i s s , Han son and Conner and Betero and 
Bre sler^o Theore tical moment-curvature plot s 
have been obtained by Agrawal, et al , on the 
basis of simplified stress-strain curves for 
the steel (including the Bauschinger effect) 
and the concrete, but many other investigators 
have ignored the Bauschinger effect and the 
majority of the work has be en experimental. 

This paper summarizes an investigation^ 
which extends existing work. The investigation 
commences with studies of the Bauschinger effect 
for mild steel reinforcement and the stress-
strain behaviour of concrete confined by steel 
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hoops 0 On the basi s of the derived stress-
strain curve s the moment-curvature relat ion-
ships for reinforced concrete members under 
cyclic 1oading are studied the oret ically and 
compared with test results. 

2. Stress-Strain Properties of Mi ld Steel 

2 . 1 Stre ss of the Same Sign 

The stre ss-strain relationship for mild 
steel subjected to monotonic loading is well 
known and easily defined. Fig 0 1 shows thi s 
behaviour. Under repeated loading of the same 
sign the unloading and reloading stre ss-strain 
paths follow the initial elastic slope and when 
the strain regains the value at which unloading 
commenced the stress-strain curve continue s as 
if unloading had not occurred. Hence the 
monotonic stress-strain curve forms an 
envelope for repeated loading regardless of 
whether unloading is initiated in the elastic^ 
plastic or strain-hardening region. However 
this is not the case when the sign of the stress 
is reversed* 

2 . 2 Reversal of Stress 

Little information is available regarding 
the behaviour of reinforcing steel when sub­
jected to alternating tensile and compressive 
stress. Under cyclic loading the stress-strain 
properties of steel become quite different from 
those associated with purely tensile or com­
pressive stress. This is known as the 
Bauschinger effect and results in a lowering of 
the reversed yield stress• Once this phenomenon 
has been initiated by a yield excursion, 
linearity between stress and strain is lost over 
much of the loading range 0 This steel behaviour 
is strongly influenced by previous strain 
history; time and temperature also have an 
effect. Fig. 2 illustrates the properties of 
the Bauschinger effect• It should be noted that 
the unloading path of both signs follows the 
initial elastic slope, as does the reloading 
path, after which the stress-strain curve 
resumes as if unloading had not occurred. Thi s 
is of importance because it means that in a 
structure after an earthquake there will not be 
incremental failure in the steel due to repeat­
ed live loading. The reversed stress at which 
the Bau schinger effect commence s, but below 
which the Bauschinger effect does not occur, 
is known as the transit ion stress. 

In a preliminary study of the Bauschinger 
effect Singh, Gerstle and Tulin? found that 
the hi story of previous loading had an effect on 
the slope of the curved part of the reversed 
stress-strain curve• Nevertheless, from their 
experiments they arrived at a simple expression 
representing an average of the family of 
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represents a curve which is extended backwards 
to meet an initial elastic slope at the trans­
ition stress as is shown in Figo 3 ° The test 
specimens on which equation ( 1) was based all 
came from the same batch and hence variations 
in the virgin properties of the steel were not 
considered in their investigation 0 

2 o3 Cyclic Loading Tests on Steel Specimens 

wheree ^ and f , are the "characteristic" strain ch ch 
and stress, respectively, and r is the Ramberg-
Osgood parameter0 Fig. k shows a plot of 
equation ( 2 } 0 The shape of the curve changes 
with the value of r o Inspection shows f c^ and 
£ , are related such that 
ch 
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To check the validi ty of equat ion ( 1 ) for 
a variety of mild steel bars and to examine 
other possible mathematical representations for 
the Bauschinger effect a number of New Zealand 
rolled deformed bar specimens of ^" , § " , f" and 

diameter were teste The variables 
studied were the virgin properties of the 
material and the previous strain hi s tory 0 The 
1oading was applied statically but Singh, et 
al?, have reported that the effect of rate of 
straining is not noticeable over the usual 
range of test speeds. Hence the results should 
be applicable to the strain rates associated 
with seismic loading, 

The test specimens were 5i11 long between 
the end plates. The central 2-f" length was 
machined to diameter for the J and f » 

diameter for the | H and diameter bars and to h 
§" diameter bars* The specimens were screwed 
into the end plates and bo1 ted into a specially 
constructed test rig. The load was applied by 
means of screw jacks as their use allowed strain 
control when loading in the plastic range 0 The 
strain was measured over a 2" gauge length. 
Considerable care was taken to ensure that 
eccentric loading did not become significant 
during the loading runs. However siight 
eccentricity of loading may have been present 
because the yield stresses measured were 
consistently 3000 - 50 00 p o s 0 i . lower than 
those obtained from machined specimens of the 
same bar tested in an Avery te sting machine, 
and the yield point was not so di stinct 0 The 
ult imate stre sses by comparison were almost 
identical 0 A varie ty of loading cycle s was 
applied to study a range of initial strains 
and unloading and reloading sequences from 
tension and compre s sion after the Bau schinger 
effect had been initiated* 

2•k Further Expression for Bauschinger Effect 

To determine a general formula for the 
loading (curved) part of the stress-strain 
curve 5 each cycle of e1even test specimens was 
i solated and subj ec ted to a least square s 
analysis for a variety of possible mathematical 
expre ssions . Firstly, the Singh, e t al, 
equat ion ( 1) was generali zed by put t ing the 
yield and ultimate stresses in the numeral 
constant s in general terms „ However, unsatis­
factory correlation was obtained with previous 
strain hi story; in part icular the calculated 
transit ion stre s s was too high 0 A varie ty of 
other mathematical formulations were also 
tried and found to be unsatisfactory. 

Finally the Ramberg-Osgood funct ion was 
cho sen. Thi s function can be wri 11en in terms 
of stress and strain as follows % 

Hence given E s the f unc tion simplifie s to an 
equation involving two unknowns, r and f cj n i. A 
di sadvantage of equation (2) , however, is that 
an increase in strain wi11 alway s result in an 
increase in stress and the desirable boundary 
condi tions of df s/d£ s = o and f s = f s u when 
£ s = £ s u cannot be complied witbu Hence the 
expre s sion can only be expected to apply 
accurate ly when £ s <<e £ s u 0 

The value s for f c\i a n d r ^ o r each of the 
loading cycles of the eleven test specimens 
were determined using a least squares analysis 0 

It was found that the ratio f cj 1 /fy was depend­
ent on the amount of plastic strain produced 
in the previous cycle £ ipi , the ratio ^ Ch/ fy 
becoming 1ower wi th increas ing prior plastic 
strai n 0 With the help of a least square s 
analysi s the foil owing equat ion f or f Cfr was 
fitted: 

• ch If = 
' y 

0o?kk 
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Equation (k) gives f c h / f v < 1 when £i pi> 0 0 00 15 j 
reducing to 0 . k$ when e. dpi 0 . 0 2 2 . 

When the value s for r given by equation 
(k) were plotted against the various factors 
only the cycle number N showed any correlation 
with r• The cycles were numbered N = 0 , 1, 
2, 0 . 0 . where first yield oc cur s at a cycle 
number N = 0 and N - 1 is the first post-yield 
stress reversal 0 There was a good deal of 
scatter in the plotted results but the odd-
numbered cycles showed lower value s of r than 
the even-numbered cycles, and r became smaller 
as N increased. A least square s analysi s gave 
the f ollowing expre ssions for r: 

For odd-numbered cycle s: 

k.k9 6.03 
log(1+N) ~ N , 

e e - 1 
+ 0.29? 

For even-numbered eyeless 

2 . 2 0 0 o ̂ 69 . 
log( l+N)' - "N + 3 ° 0 k 

. . . (5) 

(6) 

1 

In the first eight cycles, the value for r 
given by equations (5) and (6) was be tween k 
and 5 for N even and between Z\ and 3i for N 
odd. 

It is to be noted that equations ( 2 ) to 
( 6 ) apply to the loading parts of the stress-
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evidence it is proposed that the curve shown 
in Figo 8 gives a good representation for the 
stress-strain, curve for concrete in corapre ssioru 
The various regions are; 

Region OAs The ascending portion of the curve 
wi11 be represented by a second degree parabola 
with a maximum stress equal to the cylinder 
strength f £ at a strain of 0 Q 002 . This 
maximum stress ignores any small increase in 
strength that may occur due to strain gradient 
or confinement and any small reduction that may 
occur in beams without any confinement, It is 
commonly accepted that the strain at maximum 
stress is 0 0 002 o Hence for region OA 

3. Stress-Strain Properties of Concrete 

The properties of the compressive stress 
block for a f1exural member depend on the 
shape of the stress-strain curve for the 
concrete. 

3 o i Unccnfined Concrete Aith Monotoni z Leading 

Probably the most widely accepted ideal­
ization for the stress-strain curve of concrete 
compressed in one direction is that due to 
Kognestad" which consists of a second degree 
parabola up to maximum stress and then a 
linear falling branch. More recent work by 
Hognestad, Hanson and McHenry^ determined the 
compre s sive stress block parameters directly 
from tests on eccentrically loaded specimens 
-which simulated the compression zone of a 
fi exural member and found a striking similarity 
between the stress-strain curves determined 
from their eccentrically 1oaded specimens and 
concentrically loaded cylinders. This is in 
contrast wi th the tests of Sturman, Shah and 
W i r n e r 1 0 which indicated that a strain gradient 
caused an increase in maximum stress and an 
increase in the strain at maximum stress. An 
important property of concrete which has been 
observed in all tests is that at loads approach­
ing the maximum the concrete actually increases 
in volume as it undergoes progressive internal 
fracturing. 

3 • 2 £pJl£^^d_Cov z r _sts _ ¥ i t h Mo no tonic Loading 

In pract ice concrete may be confined by 
t ransverse reinforcement in the f orm of closely 
spaced steel hoops or spirals. The concrete 
be come s confined when at stresses approaching 
the uniaxial strength it commence s to increase 
in volume and bears out against the transverse 
reinforcement which then applies a confining 
reaction to the concrete. Rectangular hoops 
do not confine the concrete as effectively as 
circular spirals because the confining reaction 
can only be applied to the corner regions of 
the section since the bending resistance of the 
transverse steel between the corners is 
insufficient to restrain the expansion of the 
concrete along the sides,as is illustrated in 
Fig« ?. Roy and Sozen-- 1 did not observe any 
increase in concrete strength due to the 
presence of square hoops, but other investi­
gator s * for example St dckl 1 2 and Be ter o and 
feiippa ^ i have observed a small increase, 
nevertheless, there is general agreement that 
re c tangular heops do produce a significant 
increase in the due cili ;y cf the concrete core 
as a who 1 e « 

On the basis of e/iscing experimental 

• ( ? ) / £, t. ̂  I 
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where e = 0 , 0 0 2 Region AB: The falling branch of the curve 
will be as sumed to be 1inear and its slope will 
be specified by determining the strain when the 
stress is 0 0 5f £' Examinat ion of the test 
results of a number of investigators shows that 
f or unconf ined concrete the strain at 0. 5f ̂  on 
the falling branch for short-term loadi ng rate s 
can be repre sented reasonably well by the 
expre ssion (with f £ in p. s , 1 0 } :-

"50u 

3 + 0, 002f* c 
( 8 ) 

Thi s relat ionship shows that high strength 
concretes have considerably lower values, 
i.e. they are more brittle . 

For concrete confined by rectangular hoops 
the slope of Z'3 falling branch is reduced. 
One variable ef f senng the si ope is the 
volumetic :? ; i 3 of confining steel 

2(b « 
pit b n d * s 
Another is the ratio of hoop spacing to minimum 
core dimension, s/b H, because clearly the con­
finement of the concrete between the hoops 
depends on the arching action between the hoops 
and if the s/b" ratio is large a considerable 
volume of concrete wil1 spal1 away as is 
illustrated in Fig. 9. Since the core area of 
confined concrexs will be considered as that 
area within the outside dime nsion s of :he hoops 
it is clear that a large s/bft ratio \>ill lead 
to a smaller mean stre ss over the cor s area for 
the same p" value. The hoop yield stress will 
not be taken as a variable because there is no 
guarantee that the hoops will reach that stress. 

A measur e of the additional strain at 
0.5f• on the falling branch due to confinement . c . is given by 

"5Gh 50c 50u ( io) 

Values for e were found from equation ( 10) 
using value ŝ 'for e scaled off previously 
published experientai stress-strain curves for 
confined concrete 1 1> 1 3 s 1 4 and the values for 
e 5 0 u calculated from equation (8). The 
relationship between the values for £50h s o 

found and the corresponding p" and b M / s ratios 
were next examined by a least square s analysi s. 

strain curve* The unloading parts are straight 
lines parallel to the initial elastic slope o 

Figs, 5 and 6 show the experimental points 
measured for two of the test specimens compared 
with the stress-strain curves calculated from 
the modified Ramberg-Osgood function, equations 
( 2 ) to (6), and the Singh, et al, expression, 
equation ( I ) . In all but two of the eleven 
specimens the modified Ramberg-Osgood function 
was more accurate than the Singh, et al, 
expression, For cycles ofiarge strain range 
the Singh, et al, expression tends to be less 
inaccurate but in cycles of lower strain 
range the modified Ramberg-Osgood function is 
clearly better, 


