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ABSTRACT: A sloped rolling-type isolation bearing features the constant transmitted 
horizontal acceleration performance owing to its sloped rolling surface design. In 
engineering practice, the constant acceleration level can be simply designed and predicted 
by the equation of motion. Nevertheless, for the bearings that possess zero post-elastic 
stiffness, the equivalent linear assumption might not be feasible for simply and 
conservatively designing and predicting the maximum isolation displacement. This study 
aims to statistically obtain some empirical equations for displacement prediction of the 
bearing. First, the derived analytical model is experimentally verified by using three 
bearings designed with different sloping angles. Then, a large amount of numerical 
analyses is performed to gather statistics of maximum isolation displacements of sloped 
rolling-type isolation bearings designed with different sloping angles and damping forces 
under varied seismic demands. For conservative purposes, the average value plus two-
fold standard deviation is taken into consideration. The adopted seismic excitations are 
compatible to the design spectra specified in Taiwan Seismic Design Code for Buildings. 
Finally, some empirical displacement design equations are obtained through regression, 
which will be very helpful for engineering practice.  

1 INTRODUCTION 

The seismic isolation concept of rolling-based metallic isolators [1] has been widely used in civil 

engineering practices, in which either a ball rolls on flat [2], concave [3-5], or conical [6] surfaces or a 

rod rolls on flat [7, 8], curved [9-11], or sloped [12-15] surfaces have been numerically and 

experimentally demonstrated for their excellent seismic isolation performance. Among various types 

of rolling-based metallic isolators, Wang et al. [15] continued the Lee et al.’s [13, 14] study and 

expanded the design of sloped rolling-type isolation bearings for equipment and other non-structural 

facilities to prevent seismic hazards. In Lee and Wang’s design, as shown in the schematic drawing of 

Figure 1, the bearing is composed of three bearing plates (denoted as upper, intermediate, and lower 

bearing plate) with constant sloping surfaces in contact with cylindrical rollers, which can ensure that 

the horizontal acceleration transmitted to the protected object remains essentially constant regardless 

of any intensity and frequency content of excitation. Thus, the seismic isolators do not have a fixed 

vibration natural period, and can offer maximum horizontal decoupling between the protected object 

and input excitation. It is noteworthy that the zero post-elastic stiffness performance, i.e. the constant 

transmitted horizontal acceleration performance, is the most attractive feature. This feature can make 

the seismic isolators easily meet the rigorous performance-based design requirements for structural 

and non-structural systems if the maximum transmitted acceleration response is selected as the seismic 

performance criterion. Furthermore, to have a better displacement control and more effectively stop 

rolling motion respectively during and after excitation, the built-in damping mechanism provided by 

additional sliding friction was employed in these two studies. 

In order to provide more specific performance design method, both maximum transmitted 

accelerations and maximum isolation displacements should be carefully considered, in which the 

former directly decide the safety of protected objects, and the latter are related to the space designs for 

the isolation system. Since maximum transmitted accelerations are constant and can be calculated 

from the dynamic equilibrium equation, the demands of protected objects can be exactly designed via 

the combination of sloping angles of bearing plates and built-in frictional damping. However, because 
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of the aforementioned feature of zero post-elastic stiffness performance, the maximum isolation 

displacements cannot be directly calculated from equilibrium equations or predicted from response 

spectra. The maximum isolation displacements can only be obtained from the results of time history 

analysis, and this method is not practical for engineering practices. Therefore, this study aims to 

statistically and conservatively obtain the empirical equations, considering different design spectra 

based on the Taiwan Seismic Design Code for Buildings and different designs of isolation bearings, 

through a large amount of numerical analyses. 
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Figure 1. Schematic drawings of sloped rolling-type isolators discussed in Wang et al.’s [15] 

studies 

2 NUMERICAL ANALYSIS MODEL 

Lin et al. [16] and Yu et al. [17] used a simplified model to deduce the generalized equations of 

motion of sloped rolling-type isolation bearings. The simplified model, a cylindrical roller sandwiched 

between two V-shaped surfaces designed with different sloping angles 
1  and 

2 , to represent the 

dynamic behaviour of the sloped rolling-type seismic isolator in one principal horizontal direction as 

well as in the vertical direction is illustrated in Figure 2(a), in which M , 
1m , and 

2m  are the seismic 

reactive masses of the protected object, superior bearing plate, and roller, respectively; r is the radius 

of the roller; and 
1  and 

2  are the sloping angles of the superior and inferior bearing plates, 

respectively. The following basic assumptions are made first for deriving the generalized equations of 

motion of the sloped rolling-type seismic isolator: (1) the roller and bearing plates are ideally contact 

and in pure rolling motion without any undesired sliding and overturning motions; (2) the rolling 

motions of the rollers between two bearing plates along two principle horizontal directions are 

identical; (3) an appropriate rigid-plastic hysteretic model (i.e. the Coulomb friction law) is employed 

to represent the force-displacement relationship of built-in damping behaviour; (4) the lower bearing 

plate is fixed to a rigid base; (5) the payload of a to-be-protected object is applied on the upper bearing 

plate; and (6) the payload can be treated as rigid, i.e. dynamic and torsional effects of its response are 

ignored. 

The free body diagrams are shown in Figure 2(b), in which )( gg zx   is the horizontal (vertical) 

acceleration excitation; )( 11 zx   is the horizontal (vertical) acceleration responses of the protected 

object and superior bearing plate relative to the origin O ; )( 22 zx   are the horizontal (vertical) 

acceleration responses of the roller relative to the origin O ; the positive directions of x and z are 

correspondingly defined to be rightward and upward in the figure; g  is the acceleration of gravity; I is 

the moment of inertia of the roller;   is the angular acceleration of the roller (the positive rotation is 

defined to be clockwise in the figure); )( 21 ff  and )( 21 NN  are the rolling friction force and normal 

force acting between the superior bearing plate and roller (between the roller and inferior bearing 

plate), respectively; and  DF  is the built-in friction damping force acting parallel to the slope of the 

bearing plates. By considering the free body diagrams of the superior bearing plate and roller 

respectively, the relative horizontal acceleration of superior plate can be derived as, 
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It can be seen that the insightful information might not be easily observed from the exact generalized 

solutions. Therefore, the following two assumptions for further simplicity are taken into consideration: 

(1) Based on the assumption that the sloping angles 
1  and 

2  are small enough, the higher order 

terms of 
1  and 

2  are negligible, i.e. 1cos 1

2  , 1cos 2

2  , 1coscos 21  , 0sin 1

2  , 

0sin 2

2  , and 0sinsin 21  ; and (2) assuming the term of the vertical acceleration excitation gz  

is neglected. Thus, Equation (1) can be simplified as following, 
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Therefore, the ground acceleration in Equation (2) can be move to the left hand side of this equation, 

and that will represent the absolute acceleration of superior plate, also called transmitted acceleration. 

Moreover, Equation (2) implies that the combinations of sloping angles, 
1  and 

2 , will not change 

the maximum transmitted acceleration as long as the summary of sloping angles remain in the same 

value. Since the vertical direction excitation will not be considered in this study, Equation (2) is 

adopted for the following analysis. 

          

O

 

(a) Static condition;                                                                (b) Free body diagrams 

Figure 2. Simplified model for sloped rolling-type isolation bearing 

3 EXPERIMENTAL VERIFICATION 

Three unilateral simplified sloped rolling-type seismic isolators, as shown by schematic drawings in 

Fig. 3, with different sloping angle designs were made to verify the numerical model. One isolator 

consists of only superior bearing plate and bottom bearing plates with one pair of cylindrical rollers 

(two rollers for one pair). The three isolators are designed with the same bottom plate with sloping 

angle of 4 degrees and superior plates with 2 degrees, 4 degrees, and 6 degrees respectively. The 

dimension of the seismic isolator without horizontal displacement is 600mm in length and 600mm in 

width. Considering the pounding prevention mechanism suggested in Wang’s and Lin’s study, a 

curvature radius (R) of 100mm is provided at the intersection of two inclines of V-shaped surfaces. 

Therefore, the arc rolling ranges are 28.7mm, 43.0mm, and 86.0 mm corresponding to the sloping 

angles of 2 degrees, 4 degrees, and 6 degrees respectively. The built-in friction damping mechanism is 

composed of a rubber pad with a thickness of 2mm vulcanized and attached to the surfaces of the 
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superior and bottom bearing plates sliding against the stainless steel surfaces of the side plates, and the 

friction damping force could maintain in a constant value of 210N. The required normal force for 

built-in sliding friction is provided by a sets of linear spring module with a constant compression 

length installed in the side plates. The seismic reactive masses of one superior bearing plate and the 

mounted protected equipment, simulated by lead blocks, are 30kg and 500kg respectively. 

As detailed in Table 1, five recorded earthquake histories of 1999 Taiwan Chi Chi Earthquake 

obtained from the Taiwan Central Weather Bureau Ground Motion Database, are adopted as the 

unilateral acceleration inputs. The 5% damped acceleration response spectra of these acceleration 

inputs corresponding to a peak acceleration value of 1g are shown in Fig. 4.  

Table 1. Ground excitations input for shaking table test 

Name Name of strong motion station Direction 
Test input PA Test input PA 

(gal) Original PA (%) 

Chi Chi, 

Taiwan 

1999/09/21 

TAP010 NS 120 % 103 

TCU034 NS 120 % 124 

CHY054 NS 175 % 164 

TTN009 NS 300 % 89 

HWA011 NS 120 % 117 
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Figure 3. Drawing of testing model      Figure 4. Response spectra of acceleration inputs (PA=1g)               

The comparison examples of experimental results and numerical predictions, including horizontal 

acceleration and displacement response histories together with hysteresis loops, subjected to CHY054 

with the summed  slope angle of 8 degrees and TAP010 with the summed slope angle of 6 degrees are 

presented in Fig. 5 and 6, respectively. The values of coefficient of determination ( 2R ), which are 

regarded as an expedient representation to quantitatively evaluate the correlation between 

experimental results and numerical predictions, are also shown in the figures. It can be seen that the 

numerical predictions by using the derived simplified generalized analytical model have an excellent 

agreement with the unilateral test results. 

 

Figure 5. Comparisons of experimental results and numerical predictions under CHY054 
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Figure 6. Comparisons of experimental results and numerical predictions under TAP054 

4 DESIGN DISPLACEMENT 

In order to statistically obtain the empirical equations for the design isolation displacements of sloped 

rolling-type isolation bearings, a large amount of numerical analysis should be performed to gather the 

maximum isolation displacements for each time history case and specific designed isolator. First, 100 

far fault time history records in 1999/9/21 Taiwan Chi Chi earthquake are selected from different 

strong motion stations in Taiwan, with each history record compatible with specific design response 

spectra for one of three soil types and one constant peak ground acceleration (PGA). According to the 

Taiwan seismic code for buildings [18], the design response spectrum of a general site, as defined in 

Fig. 7, is expressed by spectral response acceleration parameter at short period and spectral response 

acceleration parameter at a period of 1s, denoted as SS and S1 respectively. The demarcation between 

short, middle and long period are denoted as 0.2T0 and T0 respectively. T0 can also be denoted as 

T0=S1/Ss. Therefore, in the following of this study, the design response spectrum will be described by 

SS and T0. The PGA chosen in this study is 0.32g and the T0 corresponding to three soil types, soil type 

one to three, are 0.56, 0.68, and 0.84 second respectively. 

 

Figure 7. The design acceleration response spectrum in Taiwan Seismic Code of Building 

The numerical models with various designs of slope angles and built-in damping force levels are made 

for numerical time history analysis. To maintain the capability of self-cantering, lower limit of 

summed slope angles of four degrees is set, and to prevent the slip of rollers during motions, the 

summed slope angles are suggested to be smaller than 12 degrees. Therefore, the summed slope angles 

are designed with the combinations vary from 4 degrees to 12 degrees with an increment of two 

degrees, where the bottom plates are designed with a constant four degrees for each model and upper 
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plate are designed with zero degree to eight degrees with an increment of two degrees. Furthermore, 

defining the dimensionless coefficient f for friction damping force as MgFf D ,  eight damping 

levels can be described as f varies from 0.025 to 0.2 with an increment of 0.025.  

In summary, the aforementioned analysis cases include 100 time history cases, each of which is 

compatible with one of three design spectra, and 40 sets of numerical models composed of five 

different slope angle combinations and eight friction damping levels. By using Equation (2) for time 

history analysis, the maximum isolation displacement of each analysis case can be collected for further 

study. To observe the distribution of maximum isolation displacements, take the example of one set of 

the analysis results which adopts numerical models consisting of five slope angle cases combined with 

1.0f  damping level for time history cases compatible to soil type one design spectrum , 

sT 56.00  ,  as shown in Fig. 8. It can be seen that: (1) the distribution of maximum isolation 

displacements for each model, denoted by the summed slope angles on the horizontal axis, disperses 

over a wide range, in which the maximum value could be three to four times of the minimum value; 

(2) the effect of slope angle is not obvious. To conservatively obtain a representative maximum 

isolation displacement for each case, statistically define the considered displacement to be the average 

maximum displacement plus 2-times the standard deviation.. Fig. 9 plots the considered displacement 

results for the same numerical models under the three design spectra.  

  
Figure 8. Distribution of maximum isolation 

displacements for soil type one 

Figure 9. Considered displacements for 

different spectra 

Fig. 9 shows that the considered displacement will rise with T0, meaning that the maximum isolation 

displacements will be enlarged for a softer soil type, and Fig. 9 also shows that the slope angles have 

less effect on the considered displacement. Therefore, define the design displacement, DD, as the 

considered displacements averaged over different slope angles. Hence, one single value of design 

displacement corresponds to one combination of design spectrum and friction damping level. For 

example, according to the statistical analysis results of the same combination of models with a friction 

damping level of 1.0f , the design displacements corresponding to the three design spectra are 

plotted in Fig.10. The design displacement results shown in Fig. 10 could be linearly regressed to a 

function of T0 as, 

  0TDD  (3) 

where α and β are constant coefficients. The analysis results of numerical models with eight friction 

levels are plotted in Fig. 11, which shows that the design displacements are suppressed by friction 

damping force. However, it is noteworthy that the design displacement will increase significantly 

when the friction damping force is lower than 05.0f  and the design displacement will converge to 

a constant value when the friction force is larger than 2.0f . Since increased friction damping force 

will increase the transmitted acceleration, according to Equation (2) and Equation (3), the suggested 

best design criterion for friction damping force is from 05.0f  to 2.0 . Following the same 

method as for Fig. 10, the statistical results for numerical models with different damping levels are 

plotted in Fig. 12. In order to describe the change in the linear regression function of Equation (3) for 

different damping levels, the constant coefficients α and β should be described by second order 
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functions of friction damping coefficient as,  

2

210 fafaa   (4) 

2

210 fbfbb   (5) 

where a0, a1, a2, b0, b1, and b2 are constant coefficients. 

In summary from the above results, the design displacements can be expressed as, 

   fbfbbTfafaaDD 2100210   (6) 

where the coefficients are listed in the following Table 2. 

Table 2. The coefficients for empirical design equation 

 

                    

Figure 10. Design displacements under f=0.1       Figure 11. The influence of damping force 

 

Figure 12. Design displacement for each friction damping force level 

5 CONCLUSION 

Performance design for equipment isolation requires efficiently controlling both the maximum 

transmitted acceleration and the maximum isolation displacement. For sloped rolling-type isolation 

bearings, the maximum transmitted accelerations are constants and can be predicted directly by the 

dynamic equilibrium equations. Nevertheless, the maximum isolation displacements can only be 

obtained from time history analysis, and that is not practical for engineering practices. This study 

conservatively obtains the empirical design displacement equations for predicting maximum isolation 
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displacements by statistically regressing from time history analysis results. Furthermore, from the 

statistical results, the features are observed that, (1) the maximum isolation displacements are nearly 

independent of the slope angles of the bearing plates; (2) the increase of T0, corresponding to softer 

soil type, will raise the design displacements; (3) increased friction damping force can supress the 

design displacements.  

The empirical equations are efficient and practical for engineering practices. Engineers can use the 

empirical equations for preliminary design of the required space to prevent unpredictable pounding 

under earthquake excitations. In the future, this study will expand to consider the influence of 

structural properties, including structural periods and eccentricities, and design spectra with different 

EPA.  
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