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ABSTRACT: Our work presents a modified hysteretic polynomial analytical model for 

typical mechanical behaviors of rubber bearings. The nonlinear mathematical model 

involving polynomial functions and additional parameters, are developed by series of 

tests. Compared with the previous typical model and the testing results, our model shows 

higher efficiency and accuracy, not only for horizontal behavior but also for the vertical 

behavior of typical rubber bearings. It can be seen that the present analytical model could 

have a successful attempt to simulate the asymmetrical constitutive relations, including 

both hardening and softening force-displacement curves. 

1 INTRODUCTION  

Nonlinear constitutive relationship models are widely applied to describe horizontal mechanical 

behaviors of rubber bearings for seismic isolation, such as the bilinear model, Bouc-Wen model, 

trilinear model, Bouc-Wen model, etc. To get a more realistic dynamic analysis of isolated structures, 

Kikuchi presented the analytical model which includes high nonlinearity of shear strains but, the effect 

of vibration of the axial load and the strain-rate are ignored (Kikuchi 1997). Hwang presents an 

analytical model which is based on implementation of the viscoelastic theory where the force depends 

on the strain-rate (Hwang 2002). This proposed model involves ten parameters and includes the strain-

rate, Mullins effects, and temperature dependence. The model proposed by Tsai also includes the 

effect of the strain-rate and this model is based on the Bouc-Wen’s model (Tsai 2003). It could 

simulate high strain-rate at low strains and strengthening of rubber at high strains. Dall’ Asta presents 

an analytical model for HDR bearings and this model includes the effect of strain-rate and Mullins 

effect (Dall’ Asta 2006). Jankowski presents the model that includes the effect of the strain-rate 

(Jankowski 2003). In recent years, a polynomial analytical model has been proposed by Igor Gjorgjiev 

and Mihail Garevski (Garevski 2013). This model can have a successful attempt to simulate the 

horizontal behavior of rubber bearings. It includes the effect of loading history and it can be adapted to 

complicated loading/unloading shapes. This model has the characteristics of high precision and simple 

expression. Simultaneously, the effects of aging, and scragging of rubber bearing can be included. 

On the other hand, so far the vertical stiffness of the rubber bearing is generally simplified to linear 

stiffness. The models with equal tensile and compressive stiffness are commonly adopted in seismic 

isolation design. However, based on plenty of vertical tests, the vertical mechanical behaviors of 

rubber bearings also show dissymmetry or hysteresis. For example, series of vertical tests of the 

isolated bearings performed in China (Wang 2016). These tests show that the vertical stiffness 

depends on the axial load, shear strain and the thickness of the rubber. Thus, in some cases, traditional 

models of the rubber bearing simplified to linear stiffness show inaccuracy. For example, the 

investigations done by Wu have pointed out that, asymmetric hysteresis loops, which can characterize 

most of the vertical behaviors of rubber bearings, cannot be described by the Bouc-Wen model (Wu 

2007). Thus, a revised Bouc-Wen model has been proposed to describe the dissymmetrical hysteresis 

loop (Wang 2015). 

In the present work, a modified hysteretic polynomial model is proposed to improve the previous 

polynomial model (Garevski 2013). Compared with the previous typical model and the testing results, 

our model shows higher efficiency and accuracy, not only for horizontal behaviors but also for vertical 

behavior of typical rubber bearings. It can be seen that the present analytical model could have a 
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successful attempt to simulate the asymmetrical constitutive relations, including both hardening and 

softening force-displacement curves. 

2 MODIFIED HYSTERETIC POLYNOMIAL ANALYTICAL MODEL FOR VERTICAL 

BEHAVIOR OF TYPICAL ISOLATORS 

The model proposed in this paper adopts the displacement control principle at loading and unloading. 

The model at loading includes the behavior of the bearing when |Di| > |Di-1| and the state at unloading 

when |Di| < |Di-1|.The force-displacement relationship is defined by the polynomial function given in 

the following equation: 
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Where Fi is the vertical force, Di is the vertical deformation and a1, a2, a3, … are the coefficients of the 

polynomial function which are calculated for best fitting the tests curve. 

When the state of the bearing is at loading, the coefficient F0
i can describe hysteresis characteristics of 

the bearing and the coefficient F0
i= F0z

i is defined based on the current experienced vertical 

deformation. It is given by expression (2). 
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Where Di
kp is the variable for the model, which is at loading when Di

kp = Di, force F0max and 

deformation D0max are parameters defined through tests on bearings. 

When the state of the bearing is at loading, the coefficient F0z
i is also given by expression (2). 

Where  
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Di
kp is the vertical deformation of the bearing at the initial unloading. When the state of the bearing is 

at loading, we use the decay coefficient dF0
i, the unloading rate of the model can be controlled by the 

decay coefficient. It is computed according to the expression (4). 
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Where e is the natural logarithmic base (e = 2.71828… ), and m is the control parameter, which is used 

Fig. 1. The kp kp

i ieD D  relationship Fig. 2. The value of 
0

idF  in the post-yield state 

at unloading 
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to adjust the unloading rate. The parameter F0
i is given by expression (5), and it is defined based on 

current and previously experienced vertical deformation. The coefficient F0
i can describe hysteresis 

characteristics of the bearing. The equation (4) includes three parameters (eDi
kp,Di and Di

kp) that 

directly depend on the current deformation of the bearing and the history of deformations. eDi
kp is 

given by expression (6), and the parameter eDi
kp directly depends on Di

kp. The graphical interpretation 

of the dependence of eDi
kp and Di

kp is showed in Fig.1. 
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Where eDmin is exponent at the deformation De
min and eDmax is exponent at deformation De

max. When 

the state of the bearing is at loading, parameter Di
kp is the maximum achieved displacement at loading. 

Deformation Di is within the range of [0，Di
kp]. 
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From Eq.(5), Eq.(9) and Eq.(10), it can be seen that the decay coefficient dF0
i is within the range of [0

，1]. Accordingly, when there is no deformation of the bearing, the force is 0. When at the beginning 

of unloading, the force at loading and that at unloading are equal. 

To get an insight into the effect of eDi
kp upon the vertical force in the bearing, three curves with 

different values of eDi
kp=2, 4, 8 were derived (Fig. 2). Fig. 2 shows that, in the case of curves with 

higher value for eDi
kp, vertical force F during unloading, decrease faster and more intensively. In all 

three curves, the force has an identical value at the beginning and at the end of unloading which points 

to the fact that the boundary conditions are satisfied. 

The parameter m is an optimization parameter of the modified model. The unloading rate of the model 

can be controlled by parameter m. With the higher value of m, the unloading rate decrease faster. 

Accordingly, the unloading rate decrease slower with the smaller value of m. Parameter n is the weight 

of hysteretic item, and it can be calculated for better fitting the curve. 

3 MODIFIED HYSTERETIC POLYNOMIAL ANALYTICAL MODEL FOR HORIZONTAL 

BEHAVIOR OF TYPICAL ISOLATORS 

In order to describe the horizontal behavior of rubber bearings accurately, the modified polynomial 

model proposed based on paper (Garevski 2013). The modified model is mainly divided into three 

parts, before-yield state, post-yield at loading and post-yield at unloading. When the state of the 

bearing is before-yield state, the force-displacement relationship is given in the following equation: 
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Where Fi is the horizontal force, Di is the horizontal deformation and a1, a2, a3, … are the coefficients 

of the polynomial function which are calculated for best fitting the experimental curve. The fractional 

order is mainly used to accommodate the situation that rubber softening or hardening begins at the 

before-yield state. The before-yield state includes elastic stiffness in the paper (Garevski 2013), that 

may not reflect the actual force-deformation characteristics of different rubber bearings. The post-yield 

state at loading involves the behavior of the bearing after the yielding point, the force-displacement 

relationship is defined by the polynomial function given in the following equation: 
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When the state of rubber bearing is in the post-yield state at unloading, the force-displacement 

relationship is given by expression (13). 
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The decay coefficient is computed according the following equation: 
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The parameters are determined in the same manner as the modified hysteretic polynomial analytical 

model for vertical behavior of typical isolators. 

The parameter m is a optimization parameter of the modified model. The unloading rate of the model 

can be controlled by the decay coefficient dF0
i and optimization parameter m for better fitting the 

curve. 

4 VERIFICATION OF THE MODIFIED MODEL 

4.1 Verification of the modified model for vertical behavior of inclined rubber bearings 

The aim of the verification is to prove the validity of the modified model in different conditions. For 

the production of the inclined rubber bearings, vertical tests were performed. The theoretical model 

parameters of the vibration isolation device are shown in Fig. 3. The theoretical model is modeled at a 

scale ratio of 1 / 5.5. The test unit is illustrated in Fig.4. A detailed description of inclined rubber 

bearings is given in Table 1. Due to limited space, this paper only lists one test case of the bearing, 

named 1# rubber bearing. 

       

 

 

Table 1. Five types for vertical tests of inclined rubber bearing. 

Serial 

number 

Bearing 

number 

Vertical force 

(kN) 

Strain rate 

(kN/mm) 

1 1# 23.98-73.57 1 

2 1# 23.98-73.57 5 

3 1# 23.98-73.57 10 

4 1# 23.98-73.57 20 

5 1# 23.98-73.57 30 

Based on the performed vertical tests and using the least square method, the coefficients of the 

modified polynomial model were defined through MATLAB. To get the instantaneous reaction state 

of inclined rubber bearings, five different strain-rate experiments were performed for each bearing (1, 

Fig. 3. The theoretical model parameters of 

inclined rubber bearing 
Fig. 4. The experiment model 
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5, 10, 20, 30kN/mm). The vertical force ranges between (23.98-73.57) kN. Fig. 5 illustrates that 

vertical tests can also develop a hysteresis loop, showing significant hysteresis behavior.  

 

         

Based on comparison a between the analytical and experimental results for the strain-rate of 1kN/mm 

in Fig. 6, it is concluded that the modified model is capable enough to simulate the force-displacement 

relationship of inclined bearing, and the polynomial model cannot accurately describe the vertical 

hysteresis characteristics of the inclined bearing. 

For remaining four specimen, the experimental data are compared with the modified model best 

results. From Fig. 7 to Fig. 10, the modified model can have a successful attempt to simulate the 

inclined bearing. However, the accuracy of the fitting results decreases for a faster strain-rate. This is 

the reason that the accuracy of the data collected during the test is poor. But we can also find that 

significant hysteresis loop is show in Fig. 10 for a strain-rate of 30kN/mm. The coefficients of Eq. (1) 

are showed in Table 2 for five different strain-rate experiments. 

 

         

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
-10

0

10

20

30

40

50

60

70

x(mm)

F
(k

N
)

 

 

experiment

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
0

10

20

30

40

50

60

70

80

x(mm)

F
(k

N
)

 

 

experiment

modified model

polynomial model

0.6 0.65 0.7 0.75 0.8
5

10

15

20

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
-10

0

10

20

30

40

50

60

70

x(mm)

 F
(k

N
)

 

 

experiment

analytical

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
-10

0

10

20

30

40

50

60

70

x(mm)

F
(k

N
)

 

 

experiment

analytical

Fig. 5. The force-displacement relationship of 

1# bearing 

Fig. 6. Force-deformation from test and analytical 

model for a strain-rate of 1 kN/mm 

Fig. 7. Force-deformation from test and analytical 

model for a strain-rate of 5 kN/mm 
Fig. 8. Force-deformation from test and analytical 

model for a strain-rate of 10 kN/mm 
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Table 2. The coefficients for five different strain rate of vertical tests. 

Serial 

number 

Strain 

rate 

(kN/mm) 

 

n 

 

a1 

Coefficient 

a2 

 

a3 

 

a4 

 

a5 

1 1 1.052 -6.448 23.049 -45.388 28.985 -5.503 

2 5 0.761 -9.207 44.789 -56.880 29.329 -4.800 

3 10 0.761 -7.275 45.509 -67.181 39.782 -7.646 

4 20 0.733 -10.843 58.689 -83.005 48.126 -9.301 

5 30 0.379 -43.782 98.687 -76.706 27.775 -3.592 

 

4.2 Verification of the modified model for horizontal behavior of high damping rubber (HDR) 

bearings 

The aim of the verification is to prove the validity of the modified model for horizontal behavior. We 

have simulated the test data of the high damping rubber bearing used in the Hong Kong-Zhuhai-

Macao Bridge. Two different shear strains were compared in this paper (γ=175% and 250%). 
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Fig. 9. Force-deformation from test and analytical 

model for a strain-rate of 20 kN/mm 
Fig. 10. Force-deformation from test and 

analytical model for a strain-rate of 30 kN/mm 

Fig. 11. Force-deformation from test and 

analytical model for a shear strain of 175% 
Fig. 12. Force-deformation from test and 

analytical model for a shear strain of 250% 
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From the Fig. 11 and Fig. 12, in the before-yield state, the high damping rubber bearing shows the law 

of stiffness degradation. HDR exhibits nonlinear elastic stiffness while elastic stiffness was adopted in 

polynomial model. Modified model was proposed in this state to simulate nonlinear elastic stiffness. In 

the case of large shear strain (γ=175% and 250%), the modified model simulates better than 

polynomial in the before-yield state. The modified model and polynomial model shows satisfactory 

accuracy in the post-yield state at loading. The polynomial model was not able to completely follow 

the behavior of the HDR bearing in the post-yield state at unloading. The optimization parameter m 

was adopted in this paper, and the graph in Fig. 11 shows experimental data was simulated by the 

modified model with an acceptable accuracy. 

5 CONCLUSIONS 

The present polynomial model was proposed in this paper, and using the nonlinear least square 

method, the coefficients of the polynomial function were defined. Based on comparison between the 

analytical and experimental data, it is concluded that modified model has a successful attempt to 

simulate the vertical and horizontal behavior of rubber bearings. 

The present model has the characteristics of high precision and simple expression. The effects of 

aging, scragging of rubber bearing could be included, and the dependence on strain-rate is included. A 

significant hysteresis loop is shown for strain-rates of 30kN/mm. 

The present model can also be adopted to simulate the horizontal behavior of rubber bearings. 

Comparative analysis shows that the modified model has a higher precision than the polynomial 

model. 
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