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ABSTRACT: The Nonlinear Static Procedure, often used in the assessment of 
earthquake prone buildings is re-presented in a format consistent with current New 
Zealand Standards.  An example demonstrates that results obtained from the proposed 
procedure are consistent with the intent of the Standards. 

1 INTRODUCTION 

1.1 Policy 

The 2004 Building Act [1] requires Territorial Authorities to adopt policies for the assessment and 
possible strengthening of earthquake prone buildings.  Earthquake prone buildings are non residential 
buildings that have a strength that is less than 33% of the strength required for a new building standard 
(NBS).  To assist Territorial Authorities and structural engineers with the processes of assessing, 
evaluating and strengthening earthquake prone buildings, the NZSEE developed the guidelines, “The 
Assessment and Improvement of the Structural Performance of Buildings in Earthquakes” [2].   

The policies adopted by Territorial Authorities usually include an initial evaluation of the building 
stock, followed by a more in depth investigation of the buildings that initially appear to be “earthquake 
prone”.  This further investigation will typically require an analysis of the building.  The NZSEE 
guidelines recommend the structural engineer to analyse (or assess) the building by one of a number of 
different methods.  One of these, the Nonlinear Static Pushover (NSP) method may be used, however 
guidance to the use of the method is confusing as there is a number of cross references to US 
Standards and Guidelines.  These use different nomenclature and relate to different design approaches 
not accepted by NZS1170.5.  It is easy to surmise that the development of a criterion of %NBS using 
these approaches could be open to scrutiny.   

Following the publication of the NZSEE guidelines, research into the NSP approach has been vigorous 
and a number of recommendations for its modification have been made including those of Chopra [3] 
and Kunnath [4].  It is the intent of this paper to review the basic NSP approach, suggest modifications 
that make it more consistent with the intent of NZS1170.5 and draw the reader’s attention to some of 
its shortcomings. 

1.2 Expected 100%NBS 

To assess the NSP (or other) procedure it is fundamental that what is required to achieve 100%NBS is 
understood.  A seismic design to the New Zealand Standards, NZS1170.5 [5] and NZS3101 [6], is 
expected to achieve a building performance consistent with the concept of capacity design.  This 
approach suppresses brittle failure mechanisms and ensures that a 100%NBS structure not only has the 
required lateral strength, it has characteristics to survive events greater than the 100% design level 
earthquake without collapsing.  In achieving this configuration, consideration of structural 
irregularities, accidental torsion, P-delta and higher modes is required. 

There are two further issues that need to be noted.  Firstly, new designs to achieve 100% NBS are 
based upon “characteristic” material strengths, strengths that are less than the “expected” values.  The 
consequence of this approach is that the “expected” strengths of new buildings are greater than their 
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nominal 100% NBS value.  Secondly, the analysis method that may be used is restricted according to 
the complexity of the building.  For example, the Equivalent Static Method may not be used for 
irregular structures and the use of the Nonlinear Time History Method is restricted and may only be 
used by “experienced analysts” [1].  What appears to be an anomaly, is that as the Nonlinear Static 
Procedure is not referred to in NZS1170.5, consequently it is implicitly not acknowledged as an 
acceptable analysis procedure by the Building Code [1]. 

2 DESCRIPTION OF THE NONLINEAR STATIC PROCEDURE (NSP) 

Table 4.2 of the NZSEE guidelines provides recommendations for the analysis method that may be 
used for different building configurations and performance requirements.  The table is reproduced 
below as Table 1 for reference.  In essence, the elastic analysis methods, equivalent static and modal 
spectral response, following the FEMA [7,8] guidelines are restricted to buildings that are anticipated 
to have a low inelastic demand (µ < 2) in addition to regularity restrictions that are similar to those 
required by NZS1170.5.  The simplest of the inelastic methods, the “SlaMA” method is restricted from 
being used if there is “significant torsional stiffness irregularity”.  The conclusion from referring to 
this table is that the Nonlinear Static Procedure (or “LPA” procedure) may be used for all buildings, 
including those with weak storeys, torsional irregularities, high ductilities etc., as long as “higher 
modes” are not influential. 

The procedure is relatively straight forward.  A numerical model of the building is developed that 
includes its stiffness and strength characteristics.  A solution is achieved by “pushing” the building 
with a set of lateral forces, slowly increasing their magnitude until a chosen lateral displacement is 
achieved.  The resulting total lateral force (base shear) vs displacement plot provides a capacity curve 
that may then be compared with a demand curve derived from a design spectrum.  The justification of 
this approach follows the basics of structural dynamics.   

Table 1.  (Table 4.2 NZSEE) 
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At any time the forces acting on a building during the passage of an earthquake may be summarised 
as: 

                                                 ( ) ( ) ( ) 0=++ tftftf SDI                    Eq. 1 

where  ( )tf I  = the inertia forces 

   ( )tf D  = the equivalent viscous damping forces, and 

   ( )tf S  = the internal forces. 

If it is assumed that as a result of an earthquake the building sways back and forward in a single shape, 
thus responding as a single degree of freedom (SDF), then at the position of largest displacement all 
parts of the structure will have no velocity.  It follows that at that specific time the equivalent viscous 
damping forces will be zero.  Eq. 1 can then be considered as an equation of static equilibrium with 
the introduction of 0=Df . 

                                                      [ ]
~
uKff SI ==−                        Eq. 2 

where If−  are now considered as a set of externally applied lateral forces, 

[ ]K  is the stiffness matrix for the building, and 

     
~
u is the resulting set of building displacements. 

The NSP uses the solution of Eq. 2.  It requires the shape of the lateral force vector to be chosen then 
applied with increasing amplitude.  A comparison of Eqs. 1 and 2 allows some of the short comings of 
the NSP to be highlighted.  In Eq.1, the force vectors are continually changing in magnitude and shape 
to maintain a dynamic equilibrium with the variation in ground acceleration and the stiffness and 
strength changes along with the interaction of P-delta effects.  

2.1 NZSEE Guidance for the Use of NSP 

1. NZSEE – Section 4.3.2 acknowledges that the effects of “higher modes” cannot be captured using 
the NSP. 
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2.  NZSEE – Appendix 4E11.3 reproduces the guidance from FEMA 356 [8] for the lateral force 
distribution, that the analyses should be progressed with two different lateral force distributions; one 
pattern from 

 A. 

 (a) the UBC [9] distribution that varies the vertical distribution of lateral forces between linearly 
and quadratically with height depending upon the period of the first mode. 

     (b) a distribution that follows the shape of the first mode. 
     (c) a distribution that follows the storey shear distribution calculated from a modal response spec- 

trum analysis that includes sufficient modes to include 90% of the mass. 

And another pattern from 

 B. 
(a)  a uniform distribution, that is the lateral forces are proportional to the mass at each level 
(b) an adaptive load distribution that alters to take into account the lateral deformation at each floor 

level. 

The intention is that the two force patterns should bound the solution.  It should be noted here that 
pattern A(c) transgresses the theory of structural dynamics and conflicts with the use of the Modal 
Response Spectrum method as required by NZS1170.5. 

2.2 Shortcomings of use of NSP 

The solution of Eq.2, at least as it is described in the NZSEE guidelines overlooks: 
1. the deterioration of strength that may have occurred due cyclic displacement reversals of the 

building. 
2. the possible reduction of stiffness as a result of cyclic displacement reversals of the building. 
3. the influence of stiffness reduction resulting from P-delta forces, both static and dynamic. 
4. although guidance is given as to different possible distributions of lateral forces, in a vertical 

sense, no guidance is given for possible variations of force in the horizontal direction (giving 
rise to different torsional demands).  

2.3 FEMA 356 

While not referred to directly as part of the NSP in the NZSEE guidelines, the “Coefficient Method” 
described in FEMA 356 [8] is available and attempts to overcome some of these shortcomings with 
the inclusion of empirical “coefficients” in the calculation of the displacement associated with demand 
curve.  Using this approach, the demand curve is developed from, 

                                                      g
T

SCCCC e
a 2

2

3210 4π
δ =                  Eq. 3

 which modifies the elastic displacement of a SDF system, g
T

S e
a 2

2

4π
with the coefficients, 

0C  to account for the position of the control node for where the displacement δ is calculated. 

1C  to account for the variation between the response of an elasto-plastic and elastic SDF systems. 

2C  to account for the effects of a pinched hysteretic shape and stiffness and strength degradation. 

3C   to account for the increased displacements resulting from dynamic P-delta effects. 

 In this expression, 

aS is the pseudo spectra acceleration which is directly related to the demand base shear, and 

eT is the effective first mode period of the building. 
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2.4 Recent Developments 

Criticism of the accuracy of the methods described in the NZSEE guidelines has prompted the 
development of a number of alternative approaches.  Two of these that concentrate on obtaining a 
more accurate inclusion of higher mode effects are described below. 

2.4.1 The Modal Pushover Analysis (MPA) 

This approach developed by Goel and Chopra [10] requires a number of nonlinear static pushover 
analyses to be performed, each with a set of lateral forces that are proportional to the elastic 
modeshapes.  The required roof displacement for each pushover is determined from a nonlinear time 
history analysis of a single degree of freedom oscillator with a period equal to the mode and a 
hysteretic form that is either bilinear (developed from the pushover curve) or complete (developed 
from a reversing pushover analysis [11]), or, alternatively, from a non linear response or design 
spectrum.  The required structural responses, for example; hinge rotation or storey drift, are calculated 
from the CQC or SRSS combination from the modal pushover components.  This procedure can be 
shown for elastic structures to be equivalent to the standard modal response spectrum analysis, while 
there are inherent approximations for its nonlinear application.  It has been extended to better include 
the torsional response by using the full three dimensional modes [12].   

 

Figure 1. (Chopra and Goel [10]) 

An illustration of the accuracy of the MPA procedure is presented in Fig. 1.  These results from Goel 
and Chopra [10] for a regular nine storey frame show MPA calculated responses compared with those 
from NLTH analyses.  The errors inherent in the calculation of storey drift ratios using the first mode, 
or one shape solution (as in a standard NSP) are largely reduced with the inclusion of higher modes.  
However the error in the calculation of the hinge rotations is large.  While the magnitude of the hinge 
rotation higher in the building is likely to be small, and a 100% error may not be significant, it is 
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important to acknowledge the possible size of this error, as the magnitude of hinge rotation is the 
parameter often used to judge structural performance. 

2.4.2 The Adaptive Modal Combination Pushover Analysis (AMC) 

This approach is described by Kalkan and Kunnath [13] and has been developed to “overcome the 
inherent weaknesses of other schemes”.  The AMC procedure is similar to the MPA in that a number 
of modal pushover analyses are required.  A major difference is that the applied set of lateral forces for 
a specific mode is adaptive, that is it changes throughout the pushover to reflect the nonlinear 
behaviour of the building.  Thus at step (i) of the nth modal pushover, the lateral load pattern will be 

)()( i
n

i
n ms φ=                          Eq.4 

where )(i
nφ  is the nth modeshape found from an eigen analysis at step (i) and m  is the mass matrix.  To 

develop a modal capacity curve, the base shear )(
,
i
nbV  is the sum of the applied forces, but the 

representative displacement is calculated from an energy criterion to obtain the displacement of the 
“dynamic centre of mass”.  While claimed to be accurate, a criticism of the process is its complexity. 

3 PROPOSED NEW ZEALAND STANDARD CONSISTENT APPROACH 

NZS1170.5 allows three types of analysis; Equivalent Static Method (ESM), Modal Response 
Spectrum (MRS) and Nonlinear Time History (NLTH).  Until large scale dynamic test facilities 
illustrate differently, it is accepted by researchers that the NLTH approach is the benchmark for 
calculating the “exact” seismic response of a building.  The variability in this approach arises from the 
variability in the selection and scaling of the ground motion.  The NZS1170.5 procedure using a 
minimum of three earthquake records to achieve the design level ground motions appears to be 
inconsistent with common research practice where more earthquake records are used, and the mean or 
median result is selected as the representative structural action.  This alternative approach is used in 
this paper.  The ESM is restricted to be used in the analysis of regular buildings, however it produces 
different design actions than those obtained from MRS analyses which, in the author’s opinion, are 
erroneously scaled to the base shear calculated for the ESM [16]. 

If we accept NZS1170.5 for what it is, to satisfy the Building Code it is important that the NSP 
analyses performed to determine the strength of earthquake prone buildings are consistent with the 
Standard.  If a NSP analysis is performed following the NZSEE guidelines without cross interpretation 
with other New Zealand Standards this would not be achieved. 

 Issues to be resolved 
1. Which strength are we comparing the NSP analysis to?  As most older buildings are likely to 

comply with the regularity clauses of NZS1170.5, the “100%NBS” maybe calculated using a 
ESM or MRS approach providing a base shear as low as 80% of that calculated using the 
ESM.  Secondly, as mentioned above, modern designs are based upon characteristic strengths, 
not expected strengths that are admissible in the NZSEE guidelines.  This effectively means 
that assessed buildings are approximately 10% weaker than stated.  This is an inconsistency.  

2. How is the influence of P-delta actions included in the analysis? 
3. How is torsion included in the analysis? 
4. How are higher mode effects included? 
5. How should stiffness and strength degradation be included ? 

 

3.1 Steps for Solution 

The proposed solution approach is based upon the clauses and intent of the current New Zealand 
Standards [5, 6] and conclusions from the research referred to in this paper. 

 
1. Develop model allowing for gravity and sway forces to modify column strength. 
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2. If any of the periods of the building are longer than two seconds [5], or the mass participating 
in any of the principle directions is less than 60%, a nonlinear multi mode pushover [10, 13] 
or NLTH approach should be used. 

3. Include in the model a pinned rigid strut line through the centres of mass of each floor level to 
allow the total seismic weight of each floor multiplied by β/(1+βθ) to be applied. This concept 
is described in the Commentary of the Standard NZS1170.5.  “β” and “θ” are defined in 
clauses 6.5.4.2 and 6.5.2 of the Standard respectively.  This approach ensures that during the 
pushover analysis, the total applied force to the model is equal to the sum of the lateral forces 
plus HP )1/( βθβ +∆ where ∆ is the deflection of the building at that stage of the analysis. 

4. Apply a set of forces proportionate to the first mode in the direction considered.  For non sym-
metrical buildings, these should be applied in both the positive and negative directions at posi-
tions +/- 0.1b.  The results obtained by Erduran [15] indicate that applying the lateral forces at 
the shifted centre of mass improves the estimation of the torsional rotation.  The recommenda-
tion to use only a first mode lateral force distribution is made firstly for simplicity, but also for 
practicality.  Many of the examples in the literature that require more than one mode to obtain 
an accurate solution are taller than a “typical” earthquake prone New Zealand building.    

5. The capacity curve is plotted as the (base shear)/(seismic weight) vs the displacement of the 
dynamic centre of mass.  As we are using a first mode approach, that is performing a single 
mode pushover, then to be consistent with NZS1170.5, the seismic weight should be the value 
that would be calculated using the ESM in design.  The dynamic centre of mass can be calcu-
lated from a displaced shape of the building, the most obvious choices are the first mode shape 
and the shape at or near the target displacement.  While different shapes will give different po-
sitions for the dynamic centre of mass, these differences are not expected to alter the outcome 
of the assessment.  The position can be calculated as the position where the displacement of 
the building is the same as that of a SDF with the same period of oscillation.  Thus, if iφ  and 

im are the shape coordinate and seismic mass at level “i” respectively, then the displacement 

required, is the displacement of the building where, 

∑∑=
i

ii
i

iidcom mm φφφ /2 .                Eq. 5 

6. A demand curve can be obtained by plotting the horizontal design response spectrum as de-
scribed in clause 5.2.2 of the Standard vs the target displacement.  The target displacement is 
calculated by using the coefficient method as described in FEMA-356 [8] and ASCE -41 [16],  

                                                         g
T

TCCCCC e
2

2

3210 4
)(

π
δ =                Eq. 6 

where the coefficients take the same roles in modifying the expected elastic displacement as 
for Eq.3.  Expressions for them are redefined here to better reflect the intent of NZS1170.5. 

0C will equal “1” as we plot the deflection of the dynamic centre of mass. 

1C accounts for the variation between the response of an elasto-plastic and elastic SDF 
systems  and can be obtained from clauses 5.2 and 7.2.1.1 of the Standard expressed as 

             µµ kSpC /*1 =                   Eq. 7 

2C will equal “1” as there is no account made in NZS1170.5 for differences in response of 
systems with a pinched hysteretic shape and stiffness and strength degradation.  

3C is to account for the increased displacements resulting from dynamic P-delta effects.  This 
can be derived from the Standard as 

            βθ+= 13C                     Eq. 8 
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NZS1170.5 provides limitations as to which buildings require P-delta effects included in their 
analyses.  This is a pragmatic approach to allow simple regular buildings to be quickly 
designed with the knowledge that other conservative clauses in the Standard will provide for 
the shortfall in strength. It is recommended here, that where the NSP procedure is used in a 
seismic assessment procedure and the building has not been designed to modern Standards, 

3C  as per Eq.8 be included in the analysis of all buildings.  

)(TC  is the ordinate of the elastic hazard spectrum as per clause 3.1.1 of the Standard. 
7. A solution is obtained with the intersection of a suitable demand with a bilinear version of the 

capacity curve.  It is suggested that the bilinearization should be performed as required ASCE-
41 [15]. 

8. “Higher Mode” effects are not directly modelled which is consistent with this approach as 
these effects are not included in the ESM and MRS methods of analysis routinely used in 
modern design to NZS1170.5.  It is recommended here that the additional strength to ensure 
an adequate performance of columns and walls due to “higher modes” as described in Appen-
dix D of the Concrete Standard be implemented.  It is also anticipated that hinge rotation cal-
culated by this method is nonconservative [10].  Consequently, following the limited results 
presented in that reference it is recommended that the hinge rotations calculated from the NSP 
analysis be scaled by 

)/6.04.1( HhSF +=                               Eq. 9 

    where   h  is the height of the level of the hinge and  

    H is the height of the building. 

4 EXAMPLE CALCULATION AND ANALYSIS 

The recommendations described above are used in a pushover analysis of a regular five level, three 
bay, reinforced concrete building shown in Fig. 2.  As the “design” and analysis of the building is 
described in Davidson [16], only a summary is provided here.  However, it should be noted that; 

1. the “design” did not include additional strength for P-delta effects. 

2. that the “design” required that torsional effects be resisted by two transverse walls.  
Consequently the three dimensional nature of torsional lateral behaviour is not investigated in 
this example. 

3. the time history analyses performed uses the “expected” strengths, not the lower characteristic 
strengths that would be used in design. 

The building has been “designed” to modern codes using the strength required from a MRS analysis 
based upon a structural ductility of 5, a site subsoil class of C, Z = 0.4 and N = 1.  The parameters 
describing the building are listed in Table 2.  For the design process, a MRS analysis was performed 
using SAP2000 [17] scaling the design spectrum, Ch(T) by Sp / kµ to obtain a base shear of  710 kN.  
The design strengths of the beams were chosen as the average MRS value at each level.  These values 
and those for the base of the columns are listed in Table 3. 

The initial pushover analysis was performed without P-delta effects using lateral forces applied at the 
floor level proportional to the product of the floor seismic weight and the “X” direction component of 
the first mode shape.  This shape and the calculation to determine the dynamic centre of mass as 
described in Eq. 5 are listed in Table 4.  The value of φdcom , 0.027 indicates that the height of this 
position is between level 3 and 4, approximately 40% above level 3.  The displacement of this position 
is plotted against the scaled base shear in Fig. 3.   
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Table 2 Building Parameters 

Building Dimension
Height 5 x 3.6 m
Length (X)-Centreline 3 x 8 m
Width (Y) 18m
Mass (per floor) 330.39 (tonne)
Rot Inertia (per floor) 74337 (t-m^2)

Beams Ixx (m^4) A' (m^2)
700 x 500 0.4 x 0.0143 0.2917
Columns
600 x 600 0.5 x 0.0108 0.3
Walls
4000 x 250 0.35 x 1.3333 0.8333

Concrete
E (kN/m^2) 27898000
Poisson ratio 0.2  

 

 
Figure 2. Schematic of Basic Building 
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Table 3 Design Strengths 

Level Beam Strength
(kN-m)

5 61
4 114
3 157
2 187
1 180

Col Outer 225
Col Inner 262  

 
Table 4 Calculation of φdcom 

 

Level Mode1 Mode1 
  Squared 
5 0.0345 0.00119 
4 0.0308 0.000949
3 0.0244 0.000595
2 0.0158 0.00025 
1 0.0063 3.97E-05 
0 0 0 

sum 0.1118 0.003024

 φdcom 0.027045
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Figure 3 Demand Capacity Curve in Frame Direction 

The demand curves for ductility levels 4, 5 and 6 as described in step 6 of the proposed procedure are 
also plotted.  It can be seen that the capacity curve intersects with the ductility 5 demand curve at 
approximately a ductility of five, at the displacement 0.113 = 5 * 0.0226 (the yield displacement) 
demonstrating the accuracy of the solution for this “text book” structure.  Assuming that at this 
position no critical structural weakness has been observed, it is useful to compare hinge rotation and 



11 

column shear with values calculated from design level nonlinear time history analyses.  Four time 
history analyses were performed using earthquakes scaled as required by NZS1170.5, clause 5.4.2 
with the appropriate k1 factor.  The earthquakes and the scaling factors are listed in Table 5.  As the 
mean of the spectra of these scaled earthquakes closely follows the design spectrum, the mean of the 
results from the time history analyses are used here as best estimates of building responses. 

A comparison of the hinge rotations obtained from the pushover analysis with the calculated average 
maximum hinge rotations from the time history analyses is shown in Table 6.  It can be seen, as 
predicted that the pushover values are significantly less than those calculated from the time history 
analyses.  However, when scaled as proposed using Eq.9, an interpretation of the results from Chopra 
and Goel, the rotations from the two sets of analyses are a lot closer.  

Table 5.  Earthquake used in Analyses 

Earthquake Motion Earthquake Year Magnitude Station Name SF (k1)
Century 90 Northridge 1994 6.7 Century City LACC 1.83

Moorpark 180 " " Moorpark 2.06
Gillroy 00 Loma Prieta 1989 7.1 Gilroy#2 1.28
Gillroy 90 " " Gilroy#2 1.25  

 

Table 6 Comparison of Hinge Rotations 

Level Ratio Eq. 9
T/H P Over P Over 

Scaled (Eq.9)
(1) (2) (3) (4) (4)/(2)
5 0.0129 0.0067 0.0134 1.04 2.00
4 0.0111 0.0070 0.0132 1.19 1.88
3 0.0107 0.0077 0.0136 1.27 1.76
2 0.0106 0.0082 0.0134 1.27 1.64
1 0.0130 0.0083 0.0126 0.97 1.52

Cols 0.0134 0.0077 0.0108 0.80 1.40

Hinge Rot (rads)

 
 

Table 7 compares the column shears obtained from the two sets of analyses.  The greater value of 
shear calculated from the time history analyses emphasises the need to ensure that the dynamic 
amplification requirements stated in the Concrete Standard are complied with.  

 

Table 7 Column Shears 

Level
Outer Col Inner Col. Outer Col Inner Col. Outer Col Inner Col.

5 17.30 51.68 69 108 3.99 2.09
4 44.86 85.7 80.9 125.5 1.80 1.46
3 62.18 117.18 93.1 153.9 1.50 1.31
2 72.81 138.15 108 175.2 1.48 1.27
1 93.53 130.53 135.3 176.2 1.45 1.35

Pushover  Shear Average Max TH Shear Ratio T/H to NSP

 
 

The Influence of P-Delta 

Figure 4 is a plot of demand-capacity curves to illustrate the influence of P-delta.  Three “ductility 5” 
demand curves are displayed.  The original from Fig. 3, without the influence of P-delta, and two 
others with P-delta.  The original capacity curve is plotted along with a second which includes the 
effect of P-delta.  It is obvious that with P-delta acting, an intersection of demand and capacity curves 
is not possible.  This indicates that the building has insufficient strength to resist the additional 
demands resulting from P-delta.  A solution point can however be achieved when the seismic demands 
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are scaled by a factor of 0.77, essentially stating that this structure, designed without sufficient 
strength for P-delta effects, is 77%NBS.  The “green” demand curve is for ductility 5 and includes the 
additional demands of P-delta. 
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5 CONCLUSIONS 

A procedure to assess the strength of earthquake prone buildings using the NSP (static pushover) 
means of analysis that is consistent with current New Zealand Standards is described.  In developing 
the procedure, inconsistencies in both the NZSEE guidelines [2] and NZS1170.5 [5] have been found 
and suggested solutions provided.  The accuracy of the proposed procedure is demonstrated through 
an example pushover analysis of a regular five level reinforced concrete frame.  One of the features of 
the proposed procedure is its inclusion of P-delta effects as required by NZS1170.5.  These effects are 
shown to be significant for the seismic performance of the frame chosen. 
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